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ASYMPTOTIC PROPERTIES OF CONVOLUTION OPERATORS
AND LIMITS OF TRIANGULAR ARRAYS
ON LOCALLY COMPACT GROUPS

YVES GUIVARC’H AND RIDDHI SHAH

ABSTRACT. We consider a locally compact group G and a limiting measure
1 of a commutative infinitesimal triangular system (c.i.t.s.) A of probability
measures on G. We show, under some restrictions on G, p or A, that p belongs
to a continuous one-parameter convolution semigroup. In particular, this result
is valid for symmetric c.i.t.s. A on any locally compact group G. It is also
valid for a limiting measure p which has ‘full’ support on a Zariski connected
F-algebraic group G, where F is a local field, and any one of the following
conditions is satisfied: (1) G is a compact extension of a closed solvable normal
subgroup, in particular, G is amenable, (2) p has finite one-moment or (3) p
has density and in case the characteristic of F is positive, the radical of G is
F-defined. We also discuss the spectral radius of the convolution operator of a
probability measure on a locally compact group G, we show that it is always
positive for any probability measure on GG, and it is also multiplicative in case
of symmetric commuting measures.

1. INTRODUCTION

In probability theory, one-parameter convolution semigroups on R” play an im-
portant role and often arise as limits of partial products of infinitesimal triangular
systems (arrays), and it is a celebrated theorem that in Euclidean space such a
limit p always belongs to a one-parameter convolution semigroup. In this paper,
we show under mild conditions that this property remains valid in the general set-
ting of a locally compact group G, instead of R”, provided the triangular system
is commutative and in particular if G is of “Lie type” over one of the three classes
of local fields. Our work corresponds to a part of the solution of the so-called
central limit problem for the convolution structure on G (see the introduction in
[H]). The aspects of this problem connected with the normalisation of iterates of a
given probability measure p are not considered in this paper. We refer to |G4] for
a survey on these important aspects.

Let G be a locally compact (Hausdorff, second countable) group with identity
e and let M*(G) be the topological convolution semigroup of probability measures
on G endowed with weak topology. For x € G, let §, denote the Dirac measure
supported on z. An element u € M*(G) is said to be embeddable if there exists
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a continuous one-parameter convolution semigroup {su¢}+>0 in M'(G) such that
p1 = p. In this case the probability measure pg = limg_o ¢ is an idempotent,
hence is the normalised Haar measure wk of a compact subgroup K (cf. [P], p. 62).
A sequence of finite ordered sets of M'(G), A = {u;; € M*(G) | i € N,1 <
j < ng,lim; .o on; = oo} is said to be a triangular system in M*(G); we will
sometimes write A = (pi;)idy j—;- A is said to be commutative if for every fixed 4,
i commutes with g for all j, j; it is said to be wk -infinitesimal if as i — oo,
lim; o ptij = wg uniformly in j. We say that A converges to p if lim;_o 51 *
-k lin, = f, where ‘x’ denotes the convolution of measures. For brevity we say
that A is a c.i.t.s. if A is a commutative infinitesimal triangular system. Clearly,
if ¥ = {p}e>0 € MY(G) is a continuous one-parameter semigroup with py = wg,
then pq is the limit of a c.i.t.s. This is valid more generally if p belongs to a
semigroup of the form C¥ = {§, * yu; | z € C,t > 0} € M (G), where ¥ is as
above and C' is a compact connected abelian subgroup whose elements commute
with those of ¥. Let ¥ = {p:}+>0 be a continuous one-parameter semigroup with
1o = wpg for some compact subgroup H C G, and let C be a compact subgroup
whose elements commute with those of ¥, contains H as a normal subgroup and
C/H is connected and abelian. We say that p is quasi-embeddable in ¥ relative to
CifpeCY CcwgM (Guwy = M4(G).

It is easy to see that quasi-embeddability of p implies that p is the limit of a
ci.t.s. in M} (G). Also, it implies the infinite divisibility of p, i.e. the existence of
an nth root for every n € N and embeddability of zu = 0, * p for some z € C.
We conjecture that for a large class of locally compact groups including all the
connected Lie groups, if p is the limit of a c.i.t.s. and if ZS/Z0 is compact (see
notations below), then it is quasi-embeddable and we prove this property under
some mild conditions. In order to simplify this exposition, we will only consider
c.i.t.s. such that wg = d.. We may note here that all the relevant results are valid
for a general c.i.t.s.

In the case G = R”, the structure of continuous one-parameter semigroups in
M*(G) was obtained by P. Lévy, and his work has led to the following descrip-
tion of the relation between continuous convolution semigroups and their discrete
approximations; we have the following equivalent properties:

(a) p is the limit of a c.i.t.s.
(b) u is embeddable.
(¢) p is infinitely divisible, i.e. it has an nth root for all n € N.

One can refer to [E] (pp. 294, 550) for a proof, in particular for a Fourier analytic
proof of the equivalence of (a) and (b) on the real line and to [I] (chap. 5) for a
different proof.

For a Lie group G, the structure of one-parameter convolution semi-groups on G
was obtained by G. A. Hunt in [Hu] and extended to the locally compact setting in
[H]. The problem of full extension of Lévy’s results to a Lie group was considered
there, as well as in subsequent works, in particular [W], [Cal], [Fel], [Ga], [PRaV],
[Si], [StV] and the book [Gi]. It was observed in [Hu| that equivalence of (a) and
(b) cannot hold in general without the commutativity condition in the definition of
c.i.t.s. On the other hand, using real algebraic group techniques, the equivalence
of (b) and (c) for connected linear groups has been shown in [DM|. Here we are
interested in the relation between (a) and (b), and we show its equivalence under
some conditions. Our method is based on the algebraic approach to this class of
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problems initiated in [Ke] and further developed in [RuzS|, in the general framework
of Delphic semigroups, and on a detailed group theoretic analysis.

In order to state our results we fix some notations. We denote by Z the center
of G, and by H° the connected component of the identity in a subgroup H C G.
We denote by G the real vector space of continuous homomorphisms of G into
the additive group of R. For p € M'(G), we denote by G, the closed subgroup
generated by the support of p and Z, = {g € G | gug~! = p}. Furthermore, u is
said to be symmetric (resp. normal) if u = i (resp. pft = i), where fi is defined by
fi(X) = (X 1) for any Borel set X C G. We say that A = (uij)idy j—, in M (G)
is symmetric (resp. normal) if each p;; is symmetric (resp. normal). We denote by
F, the set of two-sided factors of u, i.e. the elements a € M'(G) such that for
some o € MY(G), axa’ = o' * a = p. For any bounded complex measure A and
any complex function f on G, A(f) will denote, when convenient, the integral of f
with respect to A, i.e. A(f) = [ f(g) dA(g)-

We consider the space L?(G) of square integrable complex functions on G with
respect to a left Haar measure, and the left regular representation p of G. For
A € MY(G), we denote by p(A) = [ p(g) d M(g) the operator on L?(G) corresponding
to A, and r(\) will denote its spectral radius. We say that p has finite 1-moment if
for every positive Borel sub-additive function § on G, we have p(d) < co. fV C G
is a compact neighbourhood of e, such that G = {J,,~, V", and dy(g) = inf{n €
NU {0} | g € V"}, this condition is equivalent to u(dy) < oo (cf. [G2]). The
subsemigroup of elements in M*(G) which satisfy this condition will be denoted by
MY ™(@Q).

As special cases of locally compact groups we shall consider subgroups of F-
rational points of Zariski connected algebraic groups defined over a local field F,
i.e. a finite algebraic extension of either the real field R, or the field Q, of p-adic
numbers or the field F,((z)) of Laurent power series over the finite field F,, of p
elements, (where p is a prime). We know (see [Mal, p. 56) that such a group G
is Zariski dense in the corresponding given algebraic group G. For any subgroup
H C G we denote by Z¢(H) (resp. Z°(H)) the Zariski closure of H in G (resp. G),
i.e. the set of zeros of polynomials with coefficients in F which vanish on H (cf.
[Bd]).

Theorem 1.1. Let p be the limit of a c.i.t.s. A on a locally compact group G such
that ZS/Z0 is compact. Suppose any one of the following conditions is satisfied:

(1) supp p is contained in a closed subgroup L, C G which is a compact exten-
sion of a closed solvable normal subgroup of L,,.
(2) A is normal.

Then there exist a semigroup ¥ = {p}i>0, Ho = wh, and a compact subgroup
C C Z, such that u is quasi-embeddable in ¥ relative to C. Each p; is normal if
A is normal. Moreover, if C/H is arcwise connected, then u itself is embeddable.

Remark. In a compact connected abelian group G which is not arcwise connected,
(for e.g. the p-adic solenoid), any element z which is outside the arc-component of
the identity is infinitesimally divisible, infinitely divisible but not embeddable.

Theorem 1.2. Suppose G is a locally compact group and p is the limit of a sym-
metric c.i.t.s. Then p is embeddable.
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In the case where the c.i.t.s. A = (u45)idy ;= (n; — 00) has equal components,
ie. if pi; = pi, i — e, A converges to p if p' — p, we have the following
theorem.

Theorem 1.3. Suppose i is the limit of a c.i.t.s. with equal components on a locally
compact group G. If ZS/Z0 is compact, then there exist a semigroup ¥ = {u }1>0,
o = wg, and a compact subgroup C' C Z,, such that p is quasi-embeddable in
3 relative to C'. Moreover, if every compact connected subgroup of Z2 18 arcwise
connected, then u itself is embeddable.

In particular, if g is infinitely divisible with arbitrarily small roots, then p is
quasi-embeddable; and it is embeddable if the underlying group is a Lie group or
totally disconnected group.

The following two theorems are special cases of Theorem [Tl for Lie groups and
F-algebraic groups.

Theorem 1.4. Let y be the limit of a c.i.t.s. on a Lie group or totally disconnected
group G such that supp p is contained in a closed subgroup L, which is a compact
extension of a closed solvable normal subgroup. If ZS/Z0 is compact, then u is
embeddable. In particular, if p is the limit of a c.i.t.s. on a Zariski connected F-
algebraic group, G,, is amenable and for F =R, Z°(G,,) = G, then u is embeddable.

The following special cases of the above result were already known: G compact
(cf. [Cal), G connected nilpotent (cf. [Sh3]). The first part of the above was known
if G is totally disconnected (cf. [Sh3]).

Theorem 1.5. Let u be the limit of a normal c.i.t.s. on a Lie group or totally
disconnected group G. If ZS/Z0 is compact, then u is embeddable. In particular, if
G is a Zariski connected F-algebraic group and for F =R, Z°(G,) = G, then p is
embeddable.

In the ultrametric situation in Theorems [[.4]and [[.5] the condition Z¢(G,) = G
is not necessary because Zj = Z° = {e}. The condition that Z/Z° is compact is
a “fullness” condition on supp p which is satisfied for example if G is R-algebraic
and Z°(G,) = G (cf. [DM], Theorem 3.2) or if G is totally disconnected; the above
result for the Lie group case does not hold without this condition (see section 9).

In the case G is an abelian Lie group, normality is satisfied and the result corre-
sponds (in a stronger form) to Theorem 5.2 in ([P], p. 96). For G semisimple and
systems of isotropic distributions on the associated symmetric space, normality is
also satisfied and it corresponds to Theorem 7.2 in [Gal.

In the case G is a countable subgroup of a connected Lie group or of GL(n,F),
the hypotheses of normality can be removed (see [Sh3] and Corollary [6.3]). For not
necessarily normal c.i.t.s. on non-amenable groups we have the following results.

Theorem 1.6. Suppose u is the limit of a c.i.t.s. on a Zariski connected F-algebraic
group G such that p has a density, Z°(G,) = G and, if F has positive characteristic,
then the radical of G is F-defined. Then u is embeddable.

The above theorem is also valid for a real Lie group with finitely many connected
components if the condition Z°(G,,) = G is replaced by the condition that ZAOL/ZO
is compact (see the Remark at the end of section 8).

Theorem 1.7. Suppose p is the limit of a c.i.t.s. on a Zariski connected F-algebraic
group G, p has finite 1-moment and Z°(G,) = G. Then p is embeddable.
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For the proofs of the above theorems we construct multiplicative functions on
closed subsets of M!(G) which are continuous at d. with respect to weak topology.
This gives results of independent interest. For example, we have the following
results, the first one being the multiplicativity property for spectral radius.

Theorem 1.8. Suppose p,v € M*(G) are normal and commute with each other.
Then r(p*v) = r(u)r(v) and im, s, r(p*v) = r(p).

Suppose G is a semisimple algebraic group which is Zariski connected and defined
over the local field F. We fix a maximal F-split torus T in G and a basis Il =
{a1,...,a,} of the restricted root system of G. We denote by P the minimal
parabolic subgroup defined by II (see [Bd]), by Zt the centraliser of T in G, by U
the unipotent radical of P, and by G, T, P, Zr,U the corresponding subgroups of
F-points, so that we have P = Zp - U, a semidirect product. Every F-character of
Z~ defines an element x of Zr through the formula

X(2) = log |x(2)| (2 € Zr)

and these elements form a lattice in Zr. Hence, if A is the dual vector space of ZT,
then for every z € Zp, a vector 2 € A is defined through the above formula and
the kernel of the map z — 2 is the maximal compact subgroup Z. of Zr (see [I'1]).
We fix a scalar product of A which is invariant under the action of the restricted
Weyl group of G, we denote by AT C A the Weyl chamber defined by Il C Zy and
by At C A the orthogonal cone of AT, and we consider the order on A defined by
At. From [T1] we know that there exists a maximal compact subgroup K of G
containing Z. such that the following Iwasawa and polar decompositions are valid:

G = KZrU, G =KZ{K,

where Z is the inverse image of A% in Zr. If 2(g,k) and 2(g) are components
in Zr, Z} of gk, g respectively, then the vectors H(g,k) = 2(g,k) € A, H(g) =
2(g9) € A are well defined. Furthermore, H(g,k) = H(g,z) depends only on g
and the projection z of k in the flag space F = G/P. For any a € M"™(G)
and n € M (F) we also write H(a,n) = [ H(g,2)da(g)dn(z) and we denote by
S(a) € MY(F) the set of a-stationary measures, i.e. probability measures 7 such
that axn = [g-nda(g) =7. An element g € G is said to be prozimal if its action
on G/P has a unique fixed attracting non-neutral point € G/P, i.e. there exists
a co-dimension one algebraic submanifold V' C G/P such that « ¢ V, gV C V, and
for every y ¢ V, lim,, " -y = x.

Theorem 1.9. Suppose G is the group of F-rational points of an algebraic group
G defined over a local field F, which is semisimple and Zariski connected and let
a € MY™(G). Then with the above notations we have the following:
(1) The limit L(cr) = lim,, 2 [ H(g) da"(g) ewists and belongs to A*.
(2) L(a) =sup{H(a,n) [ n € S(a)}.
(3) Ifa, B € MY™(G) commute with each other, then L(ca) + L(3) — L(axf) €
At
(4) If p € MY™(Q) satisfies Z°(G,) = G and if o commutes with u, then
L(a) = H(a,m) for anyn € S(a). In particular, if o, € F,, commute with
each other, then L(a) + L(8) = L(a x ().
(5) If u is as above, the map a — L(a) from F,, to AT is continuous.
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(6) The condition L(«) = 0 is equivalent to the condition that G, is amenable
and a(log |f|) = 0 for any algebraic F-character f of Z¢(G,).

(7) If Z¢(Gy) = G, then the condition that L(c)) € AT is equivalent to the fact
that the semigroup generated by supp « contains a proximal element.

We explain in the next section the main lines of our approach. In sections 3—
4, we develop constructions of partial homomorphisms. In section 5, we prove
the statements from section 2, which are crucial for the proofs. In section 6, we
construct suitable semigroups in the amenable case. In sections 7-9, we give proofs,
complements, examples and counterexamples.

2. PARTIAL HOMOMORPHISMS AND DIVISIBILITY
WITH RESPECT TO CONVOLUTION SEMIGROUPS

Our approach is based on the properties of a family of closed abelian subsemi-
groups (with identity) of M(G) or its quotients. For such a semigroup S with
identity e, and s € S, we denote by F the set of two-sided factors of s in S. For a
closed subset X C S, with e € X, we denote by X* the set of multiplicative partial
homomorphisms of X into [0, 1], which are continuous at e. Hence f € X* is equiv-
alent to f(st) = f(s)f(t)if s,t,st € X and lim,, .. f(s,) = 1. Here, two properties
of F are essential for us. The first one is the boundedness of the number of factors
in appropriate decompositions of s, which is closely related to compactness of Fj
modulo invertible elements (cf. Lemma 5.1 and [Sh3]), and is a consequence of the
study of concentration functions (cf. [DSh], [JRoW]). The second one is the exis-
tence of a non-trivial and non-vanishing element in F. Here we consider a c.i.t.s.
converging to p and we need to construct a “nice” abelian semigroup .S in which p
is infinitesimally divisible, and then to get, using properties of S, a continuous one-
parameter semigroup {p}i>0 C S containing p. The construction of S depends
on the first property; the existence of {y}+>0 depends also on it, as well as on the
construction of non-trivial elements in £ or X*, where X C F;. Here, we use the
spectral methods of [DeG| and [BC]|, Gelfand’s theory of C* Banach algebras and
then the boundary theoretical methods of [Fu]. Then we develop the ideas of [Ke]
and [Ruz] as well as the techniques of [Sh3], but we modify the definitions of [RuzS|
in order to fit with the setting of sub-semigroups of M1(G) and their quotients.
Let us recall some definitions.

Let p,v € M'(G) and let z € G. We will sometimes use pv instead of u v for
the convolution product of  and v, let zu = 0, * u and we identify = with J, and
any set X of G with the set {d, | z € X}. Let supp p denote the support of u in G
and let I(p) = {z € G | zpu = px = p}. Then I(u) is a compact subgroup of Z,,. If
H is a compact subgroup, we denote by wy its normalised Haar measure, and let
M} (G) = wg MY (G)wy, the semigroup of H-bi-invariant probability measures p,
ie. H C I(p).

Let S be a Hausdorfl semigroup with identity e and let s € S. Let Fs (in
S) denote the set of two sided factors of s, that is, Fsx = {t € S | tr = rt =
s for some r € S}. An element h € S is said to be an idempotent if h? = h.
A subset X of S is said to be idempotent-free (in S) if X does not contain any
idempotent except possibly identity e. Elements x,y of S are said to be associates
if x € Fy and y € F,. A subset X is said to be associate-free if X does not contain
any two elements which are associates. We denote by S* the subgroup of units,
i.e. the invertible elements, in S. Also, if S is abelian, we consider the congruence
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relation (/) mod S“, we denote by ¢ the canonical map of S onto Sg = S§/S*,
and for brevity we write £(s) = 5 for all s € S. In the case S C M!(G), the
congruence relation (~) mod Z° will also be considered. In that case we denote
by 7 the canonical map from S onto S, = S/Z°. Note that both ¢ and 7 are
continuous open homomorphisms. A decomposition of s as s = s1 - - s, for some
n € N, where s; € X and s;s; = s;s; for all 7, j, is called an X -decomposition of s.
Suppose Y C X and suppose s has a Y-decomposition s = H?zl H;n;l t;j. Then it
is said to be finer than the above X-decomposition if H;n:l t;j = s; for each 7. An
element s € S is said to be infinitesimally divisible if s has a U-decomposition for
every neighbourhood U of e in S. A commutative infinitesimal triangular system
(c.it.s.) in S is defined in the same way as above. A decomposition s = s1--- 8, is
said to be X -closed if T]", Sa(i) € X, for all permutations a of {1,...,n} and for
all m <n.

Definition. Let S be a Hausdorff first countable abelian semigroup with identity e
and let s € S. Let {Up, }nen be a neighbourhood basis of e in S such that U, 11 C U,
for all n. Let X C Fy. Then s is said to be {U, }-tree-like divisible in X if s has a
sequence of U,-decompositions which are X-closed and are finer and finer (i.e. for
each n, the U, 11-decomposition is finer than the U,-decomposition above).

Clearly, any element which is {U,, }-tree-like divisible in any set X is infinites-
imally divisible. Conversely, if s € S is such that every a € Fj is infinitesimally
divisible, then s is {U, }-tree-like divisible in Fy for any neighbourhood basis {U,, }
of e as above.

Definition. Let S be a Hausdorff abelian semigroup with identity e and let s €
S\ {e}. Let F(s) be a closed subset of F, such that e, s € F(s). Let f: F(s) — R*.
We say that f is an s-norm on F(s) if

(1) f is continuous at e and f(s) > 0,
(2) f(s182) = f(s1) + f(s2) if s1, 82,8182 € F(s)
(i.e. f is a partial homomorphism, e~/ € [F(s)]*, e=f > 0 and e~/ (s) < 1).

The following results are fundamental in our approach. The first two results are
generalisations of Statement 8.2 in [Ruz| and Theorem 2.3 in [Sh2|, respectively.

Theorem 2.1. Let S be a Hausdorff abelian first countable semigroup with identity
e. Let {U,}nen be a neighbourhood basis of e in S such that Upyq C U, for every
n. Let s € S\ {e}. Suppose there exists a set F(s) C Fy such that:

(1) e,s € F(s) and F(s) is compact, associate-free and idempotent-free.

(2) s is {Uy}-tree-like divisible in F(s).

(3) There exists an s-norm on F(s).
Then s has a non-trivial square factor, i.e. s = v*v' for some v € F(s)\ {e},
v € F.

The proof of the above theorem in section 5 is somewhat similar to that of
Statement 8.2 in [Ruz] except for some crucial modifications needed for the present
situation. One has to use the set F(s) instead of Fs and use the decomposition
given by condition (2) in the hypothesis instead of infinitesimal divisibility. This
generalisation is used in proving the first part of Theorem [T, where the original
result of [Ruz| does not apply.
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Corollary 2.2. Let S be a Hausdorff abelian semigroup with identity e. Let s €
S\ {e} be such that Fs is compact, associate-free and idempotent-free. If for every
v € Fy \ {e} there exists some r € F,, \ {e} and a subset F(r) such that conditions
of the above theorem are satisfied by r and F(r), then there exists a continuous
one-parameter semigroup {s;}t>0 in S such that s; = s.

The proof is essentially the same as the proof of Ruzsa’s Theorem (cf. [Ruzl,
Theorem on p. 118) using Theorem 21 So we will not repeat it here.

The following is the basic theorem which allows us to pass from limits of infin-
itesimal triangular systems to infinitesimal divisibility inside a “nice” semigroup

S.

Theorem 2.3. Let G be a locally compact group. Let p be the limit of a c.i.t.s.
and suppose ZS/Z0 is compact. Then there exists a compact subgroup H C I(u),
a closed abelian semigroup S C My (G) with identity h = wy such that Z°h C S,
weS, and
(1) any a in F,, (in S) is infinitesimally divisible in S,
(2) Fry is compact in 7(S) and idempotent-free,
(3) the subgroup S™ of units in S is connected and S*/Z°h is compact.
Moreover, if ju is the limit of a c.i.t.s. with equal components, then p=1im,, ., Ak
for some sequence {\,} C S, such that w(\,) — w(h).
Also, if the c.i.t.s. is normal, then S can be chosen such that S consists of normal
measures.

3. CONSTRUCTION OF PARTIAL HOMOMORPHISM
USING SPECTRAL METHODS

As in the Introduction, we consider the Hilbert space L?(G) of square integrable
complex functions with respect to the left Haar measure d g on G and the regular
representation by left translation on G: p(g)(f)(z) = f(g~'z) for any f € L*(G)
and any g,z € G. If v € M(G), the Banach algebra of bounded complex measures,
let p(v) be the operator defined by p(v)(f) = [, p(9)fdv(g); hence p(v) is a
bounded linear operator on L?(G), i.e. p(v) € L|L?(G)]. Moreover, v — p(v) defines
a one-to-one complex Banach algebra homomorphism from M (G) to £[L?(G)] with
le()]l < ||v||. It is well known that for any p € M(G), r(u) = 1 if and only if
G, is amenable (cf. [DeG], [BC]). Until Theorem B8] we are mainly interested in
the case when G, is non-amenable, since otherwise the following statements are
obvious.

In order to give the proof of Theorem [[8, we introduce a new notation and
establish some lemmas.

If V is a compact symmetric neighbourhood of the identity e in G, then we
define 6(g) = dv(g9) = inf{n e NU{0} | g € V"} if g € U2, V™ and §(g) =
otherwise. Then 6(gg’) < 6(g) + 6(g'), i.e. § is sub-additive, 6(¢g~ ") = §(g) and e~
is super-multiplicative.

Lemma 3.1. With the above notation, there exists v > 0 such that e~V € L*(G).

Proof. For any « > 0, we have

o0
le™ VI3 =" e (V" = V"),
n=1



ASYMPTOTIC PROPERTIES OF CONVOLUTION OPERATORS 3691

where |V*| is the left Haar measure of V¥, for any k. From [GI], we know that
lim,, oo |[V*|Y/™ = ¢ < co. Hence, for some k > 0 and every n, |[V"| < k(c+ €)",
where € > 0. It follows that

00 (o)
Do eIV = VT S kY e e <00 if 2> et
n=1

n=1

This implies that for v > ¢/2, |7V || < oo. O
Lemma 3.2. If u,v € MY(G), then p*v(e™?) > ule=®)v(e™?).
Proof. We have e~ (xy) > e~ (x)e?(y). Hence

pv(e) = / 5D g () du(y) > / 0@ g u(x) / e qu(y).

Lemma 3.3. Suppose v € R is such that e~ 7°v € L?(G). Then

P() > Ty [ 5 g™ (e77%)]Y/20 > Tim [ (e 7%V)]Y/" > p(e ™).
Proof. We denote f = e~7 = ¢ 9. Then
™ = £1I3 (A" % ™ = £, f)
= [t g ) g) az
/6_6(y)d(ﬂn*N”)(y)/e‘%(””)d:c

= A" xpt(e?)e”’3

Y

Hence
r(p) > mn‘lﬂn " f”é/n > mn[ﬂn % ‘un(e—é)]l/Qn.

The last inequality follows from Lemma [3:2] since fi"(e™%) = u"(e™?) and
(1" (e=%)]Y/™ converges to its supremum. O
Lemma 3.4. Suppose p is normal. Then for any ¢ € CH(Q),

r(p) = lim [77 @™ ()2,

Proof. Tt is proved in Theorem 1 in [BC]| that if v is symmetric and positive definite
(ie. (v* ¢, ¢) > 0 for every ¢ € C.(G)), then lim,[v™(¥)]/" = r(v), for every
1 € CFH(G). Hence it suffices to take v = pxfi and to observe that p"*i™ = (uxf)"™
and r(p* i) = [r(p)]? since p is normal. O

Lemma 3.5. Suppose v € RT is such that e~V € L?(G). Then for u normal, we
have () = limy, o0 [1" * p" (e~ 70V)]1/27,

Proof. We choose 9 € CF (@), such that 1) < e~ 7%, Then we obtain from Lemma
B4
lim [ 5 1 (e 0)]Y20 > i [ 5 ™ ()] = p(p).
On the other hand, from Lemma B3]
T(N) > mn[ﬂn " ‘un(e—'yév)]l/Qn.
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Proof of Theorem [[.§. We observe that u * i and v % 7 are symmetric. Moreover,
since p and v commute and are normal, it is known that p * v is normal and p * i
and v % 7 commute. Also, r(\) = (A% A)*/2 for any normal measure \. Therefore,
without loss of generality we may assume that p and v are symmetric. In particular,

r() = llo()ll, () = lo(v) ]| and hence

r(pxv) = llp(p vl < llp(wl o) = r(w)r ).

On the other hand, if f = e™7% belongs to L?(G), by Lemma B we get that
() = lim,, oo [1?"(f)]Y/?". Therefore, using Lemma 3, we get

P(uew) = T [ 2 (FY2 > T (2 (P ()] = () (w).
([

Theorem 3.6. If u € M'(G), then r(u) > 0. Suppose {un} C M (G) converges
weakly to u € MY (G) and p is normal. Then lim, o 7(pn) > r(p). In particular,
if G,, is amenable, then lim, o 7(u,) = r(p) = 1.

Proof. From Lemma 3.1 we fix v > 0 with e7v € L2(G). From the proof of
Lemma [3.3] we know that for any n > 0,

~ —v8v\11/2 —vdv |1
r(p) > [ pm (e )20, where ¢, = [le7 V||,
Since e~V is continuous at e and also strictly positive near e, we have " x

p™(e=7°v) > 0 and hence () > 0.
We have as above, for every k,

T(pn) > [([AI:L * uﬁ)(e*W!sv)]l/zkck.

Hence
lim r(pn) > lim (7 5 uh) (e~ )1/ % e, = [(BF 5 b (e0V)] 2y,
n—oo n—oo

Since p is normal, using Lemma [3.5]
Jim () > T [ ) (e 7)Y 2R = (e p)t2 = ().

If G, is amenable, then r(u) = 1, hence 1 > limp, oo 7(itn) > r(p) = 1. In
particular, lim, o 7(1n) = r(p). O

Corollary 3.7. On a locally compact group G, suppose u belongs to a commuta-
tive semigroup S consisting of normal measures with identity wg and G, is non-
amenable. Then the map v — —logr(v) from S to RT gives a p-norm on F),.

However, in the more general case where G, is arbitrary, we have the following:

Theorem 3.8. Suppose G is a locally compact group, S is a closed commutative
semigroup of normal measures in My (G) with identity wy. If p € S is not a
translate of an idempotent, then there exists a p-norm on F,.

Proof. We consider the regular representation p of G into £[L?(G)] and the C*-
subalgebra A C L[L?(G)] generated by S. We recall that p is injective on M(G).
We denote by T the Gelfand spectrum of the C*-subalgebra A of £L[L?*(G)] and, for
v e S, e C) will denote the Gelfand transform of p(v), i.e. for every v € T,
7(v) = v[p(v)]. For any fixed ¢ € L?(G), v € S, (v *,) extends to a continuous
positive linear form on A, hence defines a positive Radon measure §,, on C(I') by

the formula 0,(0) = (v*,¥) = [D(7)d0y(7). Since O,(1) = (P, ) =1, Oy is
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a probability measure on I' (the spectral measure of ¥). Moreover, since p(v) has
norm at most 1, we have |v(v)| < 1.

Since fi* p is not an idempotent, there exists y9 € I' with 0 < |fi(y0)| < 1. Hence
from the continuity of fi(7y), we can find an open set U C I" and an € > 0 such that

VyeU, e<|i(y)] <1—eande< —log|i(y)] < —loge < oo.

Since every u € CT(I') has a square root in C*(I") which corresponds to a non-zero
hermitian operator a in A, there exists ¢ € L*(G) with 04(u) = (a®p,¢) > 0. It
follows that there exists ¢ € L2(G), |[¢||2 = 1, with 6,(U) > 0. On the other hand,
if v € F,, and v € U, we have the basic relation

e<|pMMI < o(y)l < 1.
In particular, since wy € F),, we have wg(y) =1 for all v € U. Hence
Vel 0< —log|o(y)| < —log|a(y)] < —loge.

Then, since —log |7(7)| is continuous on U, we can define a functional f on F, by
the formula

tﬂu>=ti,—bgv%vﬂdewm»

Clearly, f(u) > €0y (U) > 0. The additivity of f on F), follows from the multiplica-
tivity of the map v — () and the definition of f(v).

In order to show the continuity of f at wpy, suppose v,, € F), converges to wg.
We observe that since |0(7)|? is between €2 and 1, we have

. 1 .
~log |t (M[* < 51 = [7n(7)[?), for all y € U.

Hence
fn) < g [ B = )Pl a0s(2).
fm)? < ﬁﬂmwwmwﬁﬁ%m,

where C = ﬁf)d,(U)l/? On the other hand, for o, = (¥, v, —wg)?, by definition

Oy (an) = /[QH(V) — 2aNIP? A0y (7) = ((Fn % v — wi)? %, 9).

From the weak convergence of 7, x v, to wg, we get the convergence of the above
expression to zero, hence lim,_, f(vn) = 0. O

Remark. The above construction is reminiscent of the construction of a so-called
Khinchine functional in the setting of a locally compact abelian group G through
the formula

ﬂm:Lfmwmm%

where 7 is the Fourier transform of v and U is a suitable neighbourhood of zero in
the dual group of G.
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4. CONSTRUCTION OF PARTIAL HOMOMORPHISMS
USING BOUNDARY THEORY

Here, as in the Introduction, G is the group of F-rational points of a semisimple
Zariski connected algebraic group defined over a local field F. Let S be a commuta-
tive semigroup of M*(G) with identity wy, and let 4 € S be such that Z¢(G,,) = G.
Below we give constructions of elements of F); in two special cases: when p has a
density or when g has finite 1-moment.

a) When p has a density

We denote by m = dx the unique K-invariant measure on F = G/P and we
consider the corresponding Hilbert space L?(F). In this situation we use the unitary
representation pg of G on L?(F) defined by

12
mi@oto) = 197 @) oty '),

where ¢ € L?(F), x € F, g € G. Clearly pg is unitary and for any A € M(G), the
operator pg(A) defined by

po() = / po(9) dA(9)

is bounded and |[po(A\)]| < ||A]]. Let ro(\) denote the spectral radius of pg(A).

If A has a density, it is a limit of measures A, with continuous densities with
compact support. For such measures, po(\,) is given by a continuous kernel on
F x F, hence is a compact operator. Since lim,, ||po(A) — po(A)]] = 0, the same is
true of po(A).

Theorem 4.1. Suppose S is a commutative semigroup in M1 (G) and p € S sat-
isfies, for some n € N,
W= cwn + pn,H,
where H is a compact subgroup of I(u), ¢ € [0,1] and pn g has a positive density.
Then there exists a continuous homomorphism f of S into [0,1] such that
fl@) <r(a), and 0< f(u)=r(p) <1
For the proof we need the following lemma.

Lemma 4.2. With the above notations, we denote p, g = fin, for r = r(uy),
H, = ker[po(pn) — r1d], and H,. = ker[po(u™) — (r + ¢) Id]. Then we have

0<dimH, <oo, H,=H.Cker[po(wy)—1d]
and
r(p) = [e+r(ua)]™.

Proof. We know that Z7/T is compact (cf. [Ma], p. 54), hence P = Zr - U is
amenable. Then it follows that ro(u,) = 7(1n) (cf. [G2], p. 92), hence from Theorem
that 7o (g, ) > 0.

From above we know that pg(f,) is a compact operator in L?(F). On the other
hand, po(p,) preserves the cone L2 (F) of positive functions in L?(F), hence from
a classical theorem of Krein-Rutmann (see [KRuf]), there exists ¢ € L3 (F) such
that po(pn)® = ro(pn)@. Hence we have, using the compactness of pg (i),

0 <dimH, < oo.
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Since H C I(u), we have that wy * p, = pn * wyg = . It follows that pg(wp)
preserves H, and that its restriction to H, is the identity operator. Hence

H, C ker[po(wp) —1d].

Therefore, po(p™) also preserves H, and it acts on H, as (r + ¢)Id, i.e. we have
H, C H... The same reasoning is valid for po(p,) acting on H.., hence H,. C H...
So we have

H, = H,/,, C ker[po(wH) — Id]

Since po(wp) and po(py,) commute, we have ro(u™) < ero(wpg) +7o(pn ), and hence
ro(p") < ¢+ ro(pn). Since H, # {0}, we also have ro(u™) > ¢+ r. Hence
ro(u") = c+r. Finally, ro(u) = (c+ 7)™ = r(n), ie. r(p) = [c+r(p,)]V/". O

Proof of Theorem EEDl. We consider for any o € S the operator pp(a). Since «
commutes with p, po(«) leaves H, invariant, where H.. is as in the lemma above.

Hence its restriction to H., pér)(a) is well defined as well as its determinant since
dimH,. = p €]0,00[. We set f(a) = |detp{(a)['/P. Then f(u) = r(y). Since
absolute values of eigenvalues of p(()r (a) are dominated by r,(a) = r(«), we have
fla) <r(a). It is clear that f is multiplicative and maps S into [0,1]. Also, 0 <
f(p) =r(p) <1, as G is semisimple and p has density and hence f(F),) C]0,1]. O

b) When p has finite 1-moment

We complete the notations set down before. Observe that since Z is reductive
we have Zp = ZI.- T, where Z7; is the derived group of Zt and Z/ NT is finite (cf.
[Bd]). Hence there exists > 0 such that, for any character x of T, x" also defines
a character of Zr. In particular, log|x| also defines an element of Z which we
again denote by y. Then the elements &; form a basis of Zp and the Weyl chamber
At in A is defined by the conditions &;(xz) > 0 (1 < i < r). We also consider the
dual basis &; (1 <7 < 7) of &; defined by (&;,d’;) = d;5. For a,b € A, we write
a<bifb—ae A", ie. ai(a) < &(b), for all i € {1,...,r}. From [T2], we know
that for any ¢ € {1,...,r} there exists an irreducible representation p; of G into
the F vector space V; with highest weight w; such that @; is proportional to &;.
Furthermore the weight-space of T defined by w; is one-dimensional and the other
weights of T on V; are of the form w; —3>77_, nja; with n; € NU{0}. We denote
by e; a highest weight vector in V;. Such a representation p; will be said to be
fundamental. It follows that we can put a norm on V; in such a way that

leill =1, llpi(2)]] = llzeill = |wi(2)]

for any z € 7; and K acts by isometries on V; (while T acts by diagonal matrices).
Since P = Z7U stabilises the line Fe; we have the formula

lpi(gk)eill = lwilz(g, )II,  llpi(g)ll = lwilz(9)]]-

For the proof of Theorem[1.9] we need some lemmas and the following proposition
which summarises in appropriate notations some known facts (see [GR1l [GR2]).

Proposition 4.3. For any g,q9' € G, we have
(1) H(gg') < H(g) + H(g).
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Suppose V' is a compact neighbourhood of e in G and denote dy(g) = inf{n €
NuU{0},g € V™}. Then there exists ¢,¢’ > 0 such that

(2) cdv(g) < H(g) < dv(g).
For any o € MY™(G) the following limit exists and belongs to AT :

3) La) =tim - [ H(g)aa"(9).

For any fundamental representation p; with highest weight w; we have

(@) aiL@)] =t ), [loglpito)aa”(9).

Proof. By the definition of the order on A, formula (1) follows from the relations
@:[H(gg")] < @i[H(9)] +@iH(g)] (1 <i<r).

From above, this can be written as

log [l pi(g9")Il < log ||pi(g)|l + log [|pi(g")

and this follows from sub-additivity of the map g — log||p:(g)||. From the equiva-
lence of norms on A we have, for some constant d > 0,

.
VzeZ |2 <d) ] |@3)].
=1

Hence for any g € G, from above,

IH(g) < d> logllpi(g)]-
=1

Since, for any i, ||p;(g)| is subadditive and G = |J,,~, V", there exists ¢; > 0 such
that N

log [|pi(9)ll < cidv (9)-
Hence [|[H(g)|| < sup;<;<, rdcidy (g).

On the other hand, we can choose V' to be of the form V = KV, K, where
Ve ={ze Z ||z <1} and then V" > KVI'K = {g € G | |[H(g)| < n}.
It follows that oy (g) < ||[H(g)||. Hence the relation (2) is valid with ¢ = 1 and
¢ = sup; <<, rde;.

The property a*x3 € M1™(G) if a, 3 € MY™(Q) follows from the sub-additivity
of the function é(g) = ||H(g)|| considered above, hence the integral [ H(g)da"(g)
is finite.

By convexity of AT, we have [ H(g)da"(g) € A*. Furthermore, formula (1)
implies the sub-additivity of the sequence n — [ H(g)d a™(g), hence the required
convergence toward L(a) € A+ follows.

From above,

GilH(g)] = log 1os(9)]l
and formula (4) follows clearly from the definitions, integration and taking the
limit. O

Lemma 4.4. There exists a constant ¢ > 0 such that for any g € G,

H/H(gw)da:—H(g)n <e.
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Proof. By definition, it suffices to show that, for any fundamental weight w; (1 <
i <dimA), [&[H(g,k)|dk — @&;[H(g)] is bounded. With the above notations, we

have |wi[2(g, F)]| = [lpi(9)pi(k)eil| and
|wil2(DI] = llpilz(9)le:ll = llpi(9)]l-
Hence @;[H(g,k)] < &;[H(g)] and hence H(g,k) < H(g). Then it suffices to show
that
it [ 1og s (@)pi(h)es |k~ log pi(9)| > .

We denote by 6 the image of measure d k& under the map k — p;(k)e; = v. The
above relation can be written as

int [ 1oglpi()oll 46(0) - ogi(o)] > .
Clearly 6 is K-invariant and has support equal to the algebraic submanifold @; =
pi(G)e; of P(V;) which is the image of K by the map k — p;(k)e;.

Suppose that the above inequality is not true. Then for some sequence {g,} C G,
we have

im [ 1o o000 0() = o

We can find ¢,, € F and choose g, € G such that {¢,p;(gn)} converges to a diagonal
map 7 € End V; such that ||7]| > 1 and then [log||7v||d6(v) = —oco. On the other
hand, since the set {v € Q; | ||7v|| = 0} is an algebraic submanifold of @); with co-
dimension N > 1 and since 6 is the natural measure on @);, there exists a constant
¢ > 0 such that for any ¢t > 0

o(t) = 0{v e Q;||rv] <t} <ctV.

Hence (using charts on @); and the homogeneity of the Haar measure on F)

Il
/ log [[7ol| d6(v) / log £ d (1)

I~ dt
= - [ s
0
lI=ll
> _/ N1t
0
Ly > ince N >0
= ——|r —o0o0  since .
N
This leads to a contradiction, hence the assertion follows. (Il

Lemma 4.5. Suppose o, 3 € M»™(G) commute. Then
L(ax* ) < L(a) + L(B).

Proof. From above, we know that ax 3 € M1™(G), hence L(ax* 3) and L[(a* )"
are well defined. But here, (a * 3)™ = o™ * 3", hence from Proposition [4.3], we get
that

/ H(g)d(a* B)"(g) = / H(gg') da"(g) 4 5™(¢')

< [H@aa )+ [Hg)as ).
In the limit: L(a* 8) < L(a) + L(B)
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Proposition 4.6. For any o € M1™(G), we have

L(a) = sup H(a,n)
neS(a)

and the supremum (with respect to fl"’) is attained. Furthermore, if Z¢(G,) = G,
then for any n € S(«), we have that L(a) = H(a,n) and the sequence

1 n
+ [ Hmaang)
n
converges to L(a) uniformly in x € F.
Proof. As observed in the proof of Lemma 4, we have H(g,x) < H(g), hence for
any n € S(a),
1 1
H(a",n) <a"(H), H(a,n)=lim—H(a",n) <lim—a™(H) = L(«a).
n n n n

Conversely, we can construct a measure n € S(a) such that L(«) = H(a,n) as
follows. We denote S, = g, ---g1. From the cocycle property of H, for any
a € MY (G), we get

n

H(Sn,l') = ZH(gkvsk—l : $),

k=1
1 1
- |H "(g)=H n % 03), wh "= — k.
n/ (g,2)da"(g) (o, % 0), where nkz::loz
Since a € M'™(G), the function h(y) = [ H(g,y) d a(g) is continuous and we have
with 6 = d =z,
1
—H(a",0) = (an x0)(h).
n

From the sequence {a, * 6} of M'(F) one can extract a convergent subsequence
converging to an a-stationary measure n and

1
lim EH(Q”,O) = n(h).
From Lemmal[Z4], we have
[H(a",8) —a™(H)[| < c.

Hence, by the definition of L,
1
L(a) = lim EH(a”, 0) =n(h) = H(a,m).
n

In order to obtain the second assertion, we show that, for any ¢ € {1,...,r} and
for any p;(«)-stationary probability measure A on P(V}),

/ log lpi(0)yll d a(g) d A(y) = @i(L(e) = i (a),

where (o) = lim, £ [log||pi(9)||da"(g) is the largest characteristic exponent
of the random matrix product p;[S,(w)]. Since the stabiliser of ¢; € P(V;) is a
standard parabolic subgroup P; of G (see [Bo|), there is a G-equivariant map x — x;
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from G/P onto G/P; C P(V;). We denote by 7; the corresponding projection of n
on P(V;); clearly n; is p;(«)-stationary and, from above,

il H o )] = / log [|p:(9)yl dmi(y) d lg).

We consider the product space GV, the shift transformation ¢ on GV, the prod-
uct measure 7 = a®" on GV, and we use the multiplicative ergodic theorem for
pi[Sn ()], (w € GY) (see [R]). Since 7 is o-invariant with

/ log 191151 ()] d(w) < o0 and / log [|pi[S7 ()] d(w) < oo,

this theorem implies the existence of a o-invariant Borel set Q C GN such that
m(Q) =1 and for any y € V;,

1

lim log || piSn(w)lyll = J(w, y),

where J(w,y) has value equal to one of the characteristic exponents of p;[S,(w)],
hence is bounded by 7;(«). Also, this convergence takes place in L'(7), hence it
follows that

i [ 1ogllpi(alyllaa(9) = [ Jw.)ar(e) < (o).

Furthermore, from the first part, there exists n € S(«) with H(a,n) = L(a), hence
vi(e) = @ilH(a,n)] = [logllpi(9)yl da(g) dni(y), and for any n € N and y € V;,
we have

J(w,y) <vi(e) = %/logHpi(g)yIIda"(g)dm(y)

1 .
i [ 1og (gl a” (9) dn(y)

/ J(w, ) d(w) dmi(y).

It follows that
TR — e J(w y) =via)
In particular, there exists vy € V; such that
T —a.e.: J(w,vg) = v ().
We consider the set
Vo ={veV|m{w| J(w,v) <vi(a)} =1}

By definition J(w,v + v") < sup{J(w,v), J(w,v")} and J(w, Av) = J(w,v) for any
X € TF, hence V; is a subspace of V;. Furthermore, the condition J(ow, g1(w)v) =
J(w,v) and the fact that 7 is a product measure implies that V;~ is invariant under
the action of the support of p;(a). Since Z¢(Gyo) = G, p; is irreducible and V;~ # V;,
it follows that V,~ = {0}. On the other hand, if § € M'[P(V;)] is p;(«)-stationary
and satisfies [ log||pi(g)v|| da(g) d8(v) < vi(a), 6 can be supposed to be ergodic
and then the Birkhoff ergodic theorem implies that

1
0@ m—ae s J(wv) =lim - log pi(g)ol| = / log [lpi(g)v]| d a(g) d8(v) < 7i(a),
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hence v € V™. In particular, for some v € P(V;), m{w | J(w,v) < 7;(a)} = 1. Since
V.~ = {0}, this is impossible, hence [log|p;(g9)v|/da(g)df(v) = v;i(«) for any 6
as above.

The first fact of the second assertion already follows from this: for any n € S(a),
we have, for i € {1,...,r},

GilH (0, m)] = / log [lo:(9)yll d alg) dn(w) = 74(e)

since 1; € M[P(V;)] is pi(a)-invariant. Hence H(a,n) = L().
To get the uniform convergence of 2 [ H(g,z)da"(g) toward L(c), we can use
the arguments as in the beginning of the proof. We have, with the same notations,

1
- /H(g, xn)da™(g) = H(a, ap * 0y,)

for any sequence {z,} in F. We can always extract convergent subsequences
from the bounded sequences {H(ca, o, * d;, )} and {a, * d,,} and suppose that
{H (v, any, * 6z, )} converges and {ay, * ds, } converges to n € M*Y(F). Since

z+— [ H(g,z)da(g) is continuous,
li}gnH(a, Qny, * 0y, ) = H(a,m).
1

On the other hand, the relation a * a;, = ap + (@™ — é.) implies that a* n =7,
hence n € S(a). From above we get

hence the required uniform convergence. O

Definition. A representation p of a group L on a vector space is said to be totally
irreducible if the restriction of p to any subgroup of L of finite index is irreducible.

The following is an extension of a well-known lemma of [Fu].

Lemma 4.7. Suppose that L is a locally compact amenable group, F is a local field
and o is a representation of L into a d-dimensional F vector space V. Then, if o
is totally irreducible, the ratio ||o(g)||/| det o(g)|*/? is bounded on L.

Proof. If possible, suppose there exists a sequence {g,} C L such that

. llo(gn)ll
1 _ HEAJR/W
" [det o(gn)[ /2

Since, when F is ultrametric, the absolute values in F* = F \ {0} are the numbers
|7|™ (n € Z), where 7 is a uniformizer in F, we can find for general F, {¢,} C F
such that, for all n,

= Q.

len] < lle(gn)ll < I7flen]-
We denote by u, = ¢, '0(g,) and observe that

| detu,| = [en| " det o(gn)|  and [lun|| = |eal " lo(gn)-
Hence, from the above choice of ¢,
1< JJupl < |n], lim|detu,| =0.
n

We can suppose that lim, v, = v € GL(V), hence detu = 0. We denote by D,
and D the non-trivial subspaces of P(V), corresponding to Kerwu, Imu.
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Since L is amenable, there exists an L-invariant probability measure v on P(V),
hence
gn-v=v, limg, v=r.
n

We write v = v + vg, where v; (resp. o) has support in Dy (resp. P(V)\ D;1). We
denote by u - x € Dy the image of x € P(V) \ D; under the quasi-projective map
defined by u. We can suppose that the sequence {g, - 1} of bounded measures
converges to a measure v3 supported on a proper subspace D3 = lim, g, - D1 C
P(V). Then, from dominated convergence, we have

limg, -v2 =u- vy, hence limg, -v=vs+u-s.
n n

This means that v is supported on Dy U D3. Then we can consider D, the smallest
finite union of projective subspaces such that v(D) = 1, and observe that D is
L-invariant. This contradicts the total irreducibility of o. O

The following is an extension to the positive characteristic case of results in [GT].

Lemma 4.8. Suppose H is an F-algebraic group and F' is a finite algebraic ex-
tension of F such that the radical R of H is F'-defined and let H', R' denote the
corresponding subgroups of B/ -points, respectively. Then, if L C H is amenable and
Z°(L) = H, the group LR'/R' is relatively compact as a subgroup of H'/R'. In
particular, L is contained in a closed subgroup which is a compact extension of a
closed solvable normal subgroup.

Proof. Clearly, we can suppose H to be Zariski connected. We consider a funda-
mental representation p; of the semisimple group H/R, hence of H into V;. Since
H/R is connected and p; is irreducible, it follows that p; is totally irreducible. Since
Z°[p;(L)] = pi(H), the restriction of p; to L is also totally irreducible. Also, since
|det p;(g)] =1 for any g € L, Lemma [£7] implies that p;(L) is bounded.

Since the linear forms w; generate ZT, we see that the kernel of the representation
p = ;_, pi is a finite extension of the F’-anisotropic component of H/R. Since
the group of F'-rational points of this component is compact and the projection of
H'’ into the group of F'-rational points of H/R is closed (see [Mal], pp. 50-54), it
follows that the kernel of p in H' /R’ is compact and the projection of L into H' /R’
is relatively compact. (I

Lemma 4.9. Let W be a F vector space, let G be a semisimple subgroup of GL(W)
and let o € MY™(G). Suppose that G, is amenable and that every F-character x
of H=272°%G,) satisfies a(log|x|) = 0. Then

.1 "
i [ 1oglgll aa”(g) = 0.

Proof. We decompose the proof in several steps.

a) Using a finite algebraic extension of F, we can suppose that there exists a
decreasing sequence of subspaces W; C W (1 < i <r+1), Wy =W, W,1 =
{0} such that, for every i € {1,...,r}, the natural representation 7; of H into
W; /Wi is F-irreducible and the unipotent subgroup U! = ker @;:1 7; is F-defined
and F-split (see [Bo], p. 205). Then the representation 7 = @;_, 7; of H into
W' = @;_, Wi/Wi1 is completely reducible, H/U? is reductive and the connected
component U of identity in U? is the unipotent radical of H. We consider the
subgroup H (resp. U) of F-rational points of H (resp. U), the factor group X =
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H/U, the projection h + h of H into X, a Borel section o of X into H and we

write, for any h € H, h = o(h)n(h) with n(h) € U. More generally we consider the
cocycle n from H x X to U given by

ho(x) = o(hx)n(h,z) (z € X).
We are led to estimate the integrals [log||7(h)| da™(h), [log|lo(h)| da™(h) and

[ log||n(h,e)||da™(h). We note that, in view of ([Bo|, p. 209), X = H/U is iso-
morphic to the subgroup X of F-rational points of H/U.

b) For any h € X, we write
w(h) = sup{||r(R)||, I~ (R)~"I|}

and we define

- 3
0(7) = inf sup{[hu], [t}

Then 0 and w are continuous sub-multiplicative functions on X and we show that,
for some constants ¢ and ¢/,

log8(h) < clogw(h) + ¢

Since H/U is reductive, we can write the group X of its F-rational points as X =
U,>o V™, where V' is a compact neighbourhood of e in X (see [Mal, p. 54). Since
the kernel of 7 in H/U is finite, as in the proof of Proposition €3], we obtain

Sy (l) < Alogw(l) + A, VieX,

where A and A’ are constants. Using sub-additivity of log# on X we can write

log 8(h) < By (h) for some constant B > 0, hence
logd(h) < ABlogw(h) + A’B.
c) By the definition of §(h), the section ¢ of X into H can be chosen so that
sup{[lo()l, llo (R)~H ||} < 20(R).
Then from b)
logsup{[|o(B)l, [lo(R) |} < clogsup{||T(R)|, | 7(R)~*|I} + ¢’ + log 2

with the constants ¢, ¢’ from b).

d) We consider the connected component of identity H® of H, the finite group
Y = H/H° and a section 3 of Y into H. We write for h € H, y € Y,

hB(y) = B(hy)y(h,y),

where h is the projection of h into Y, and ~(h,y) € H. Since 7; is irreducible, its
restriction to H® decomposes as a direct sum of irreducible representations of HO.

We write
=7 Wi/Wia=EPWi,
J J

and denote by d;; the dimension of W;;. Since G, is amenable, Lemma 7] gives
the existence of a constant ¢; such that

VheGayeY, |nhBW]l <e ) |detm;ly(h )l
J
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Hence there exists another constant ¢, such that

log [|7[hB(y)]|| <loger + c2 Y log | det 74 [y (h, y)]l-
,J
We consider the F-character x" of H? defined by x°(ho) = II;; det 7 (ho) and the
cocycle ¥(h,y) = x°[v(h,y)]. Then the above inequality reads

log [[T[hB(y)]|| < log ey + calog [F(h, y)l-

e) Since G,, projects surjectively on Y, the normalised counting measure my on
Y is the unique a-stationary measure on Y. Then from Birkhoff’s ergodic theorem,
we get, as in the proof of Proposition E6,

lim / log [7(W)[| da™(h) < / log [7(h, v)| d a(h) dmy (1)

1
e / log |TL,cy7(h, )| d a(h),

where Y| is the cardinality of Y. We note that the cocycle property of %7 implies
that x(h) = [[,ey X°[v(h,y)] is an F-character of H. Then

1
tim / log ||7(h)[| da™ () < m log |x(R)] d a(h).

Then the hypothesis in the lemma implies

1
tim © /log ()l da™(h) < 0.

From symmetry of this hypothesis,
1
tim © /log ()]l da™(h) = 0.

Now we can use the subadditive ergodic theorem for the sequence log || 7(hy, - - - hi)l|;
hence we have

1
lim . log ||7(hy---h1)|| =0
a.e. with respect to the product measure a® on GN. It follows that
1 - _
lim ~log sup{||7(hy - )|, | (A" -+ b))} = .

From the inequality stated in c¢) we conclude that
.1 — -1 n
h}pﬁ/logsup{lla(h)ll,l\a(h )} de(h) = 0.

f) We observe that U is contained in the subgroup of (d x d) strictly upper
triangular matrices Uy with coefficients in F. On Uy, there are natural subadditive
functions comparable to the norm (see [GI] for F = R). Indeed if u = (u;;) € Uy,
we define

lu] = sup E lugj|/*if F is connected
1<k=d i+j=k+d
= sup sup \uij|1/ K if F is ultrametric

1<k<d it+j=k+d
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and one can verify that, for any w,v € Uy, |uv| < |u| + |v]. On the other hand, by
the definition of |u|, we have for some D > 0,

D™ fullY* <1+ Ju| < D(L+ [|u ).
We will use these inequalities in order to estimate |n(S,,)|, where S, is the random
product h,, - - - h1 with respect to the product measure a®N.

g) We use the decompositions of S, = h,, - - - hy introduced in a) and the property
stated in f):

[Snll < Nl (Sn)l In(Sa)l;
D_lHn(Sn;e)Hl/d < |T](Sn,€)‘ < Z |77(hkagk‘—1)|7
=1

where by, = hg_1 -+ hq, so that in order to show that lim,, % log ||Sn]| < 0, it suffices
to show that

— 1 — 1

limnﬁ log|lo(Sy)]| <0 and lim . log[1 + n(Sy)] = 0.
The first relation has been proved in e). In order to prove the second one, we note
that, using the notation in b), for every h € H, z € X, for a = 4¢2°

[n(h,2)|| < [ho(2)] o (he) ™| < allhfw(h)w(z)*.
Hence _

D7 n(h,z)| < n(h, )| < a?||p]| w(h)Cw (@),
We fix € > 0 and use e) to obtain w(b)2% < e*¢ with probability 1, for k large
(k > N). Since [logsup{]|hll,||h ||} da(h) < oo, we have, also with probability
1, for k> N, _
Il < eF,  w(hy) < e

Hence we have

D71|77(hkal;k—1)| < adede(1+c)ke2dcek

N

D n(Su)l < Zn(hkagk—l) + anete(i+3om
k=1
where a > 0 is independent of n and N < n. It follows that

m% log[1 + [n(Sn)[] < de(1 + 3c).
Since € is arbitrary,
T~ logl + In(S,)[] = 0.
Finally,
T, = log ||| < 0.
From the symmetry of hypothesis, \:e get
lim % log ||S,]| = 0, hence lim % /log llgll da™(g) = 0.
O

Lemma 4.10. Suppose a € MV™(G). The condition that L(ca)) = 0 implies G, is
amenable and aflog|f|] = 0 for every algebraic F-character | of Z¢(G.,,).
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Proof. As in the proof of Proposition [£3], we have

Sv(g) <d Y log|pi(g)l,
=1

where dy is the sub-additive function considered earlier. Then, Proposition
implies that, for any o € M*™(G),

" N . a"(5v)
d i| L > lim ———=.
> fble)] 2 i )
From Lemma 3] we know that, for some v > 0, e=7v € L?(G). Then, it follows
from Lemma [3.3] that

r(a) > lima™ (e~ 70V)Y/n > lim e~
n n

Finally,
~d Z Wi[L(a)] > —logr(a).
i=1

Hence, the condition L(a) = 0, implies () = 1 and hence, the amenability of G,
(cf. [DeGl).

We consider a faithful representation p of G in a F vector space V. Since
log||p(g)|| is sub-additive and continuous, there exists ¢ > 0 such that with dy
as above,

log|p(g)[l < cdv (9)-
Since L(a) = 0, we know from the proof above that lim, +a™(dy) = 0. Hence

1 .
i [ 1og(9) | da”(9) = 0.

If f is an algebraic F-character of Z¢(G,), it is the restriction of a polynomial
p on G to Z¢(G,), and we can write this polynomial p as a polynomial in the
coefficients of p(g). Hence for some integer 7 > 0: |p(g)] < |lp(9)|l”". Hence
log|f(g)] < r'log|lp(g)|l for any g € Z¢(G,). It follows that

1
lim —a"(1 =0.
im —a"(log|f]) =0
Since log | f| is additive on Z¢(G), " (log |f|) = na(log]f]), hence

N S
a(log|fl) = lim ~a"(log | f]) = 0.
O
Proof of Theorem [L.9. The first three assertions are already stated in Propositions
23 and Lemma 48 If o, 8 € F, and g = « * 3, then, with § as above, we

have () < oo, hence [d(gg’)da(g)dB(g’) < oo and from Fubini’s theorem, there
exists g € G with [6(g9g")dB(g") < oc. Since

5(g") <68(g™") +d(g9g") = 6(g9) +8(gg)

it follows that 5(d) < co. Hence L is well defined on F),.
In order to obtain assertion (4), we note that, since n € S(a) C S(a™),

H(p" xa™,m) = H(u",n) +nH(a,n).
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Hence 1
H(a,n) = lim —[H((p* )", n) — H(p",m)].
Since Z¢(Gva) = Z°(G) = G, the convergence stated in Proposition implies
that
H(a,n) = L(p* o) — L(p).

Hence H(a,n) is constant on S(«) and Proposition EL6limplies H (o, n) = L(a).

To get the second part we observe that, since a3 = B*«, the theorem of Markov-
Kakutani implies S(a) NS(8) # 0, hence we have from above, for v € S(a) NS(3),

L(a) = H(a,v), L(B)=H(B,v), L(axB)=H(axp,v).

This implies L(a x 8) = L(a) + L(5).

Now we show the continuity of L(a). Suppose {a,,} C F), converges to a € F},.
Let p = ap * ), of, € F,, (n € N). It follows that {a],} is relatively compact (cf.
[P]), hence we can suppose that it has a limit (say) o’ € F, and p = axa’. In view
of Proposition 6, we have

lim, L(a,) < L(a) and  lim, L(cl,) < L().

Hence if {L(,)} has a subsequence converging to L(«) — e (where € > 0), we get,
from above,

L(p) = L(ay,) + L(al,) < L(a) + L(a') —e.
In view of the third assertion, we have e = 0, i.e. lim,, L(ay,) = L(«).

Since H(«,n) depends continuously on a ® n, assertion (5) follows easily from
assertion (4).

One part of the equivalence in assertion (6) follows directly from Lemma T
the converse part follows from Lemma 9] and formula (4) in Proposition [£3]

We now explain briefly the proof of assertion (7), since it is an easy extension
to the ultrametric situation of known results in the case F = R (see [GR1], [G3]).
First, if {g,,} is a sequence such that lim,, g, - m = 0., where x € F, the use of the
decomposition g, = kna,k,, shows that

Vie{l,...,r}, im&;[H(gn)] = oo,

where H(g,) € AT is defined in the Introduction. The condition lim,, &;[H (g,)] =
oo (for all ) extends the notion of contracting sequence considered in [GRI]. From
the definition of a proximal element in the Introduction we see that if g is proximal,
then the sequence g, = g" is contracting. The proof of Theorem 3.1 in [GRI] shows
that its statement remains valid for a local field F, since the Zariski density implies
the total irreducibility used there and the contraction property is satisfied. Hence,
we have the following uniform convergence on F:

i [ Hig.0)aa"(9) = [ Hig.)an(o) € A",

where n € M1(F) is the unique a-stationary measure on F. Then the property
L(a) € AT follows from assertion (2) in the theorem.

In order to show the converse, we need to recall the representation used in [Pr] in
the case F = R. We recall that U is the unipotent radical of the minimal parabolic
subgroup P associated with AT. Let G (resp. U) be the Lie algebra of G (resp. U),
p = dimU. Let o be the natural extension to A” G of the adjoint representation of
G, and let u be a non-zero element in A” . We denote by W the subspace of A” G
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generated by G - u. Then the restriction of ¢ to W is irreducible (cf. [Pr]), and we
will again denote it by o. If £7T is the system of positive roots defined by T and II,
my is the multiplicity of A € X7, the highest weight of ¢ is 7 = Y oxes+ MaA, and
T—ay (1 < i <r) are also weights; the other weights are of the form 7 — Z;Zl m;oy
with m; > 0 and }_;_, m; > 0. We observe that the orbit G- u in A’ G is equal
to G/P = F, and that the condition of proximality of g € G is satisfied if o(g)
has a simple dominant eigenvalue. We observe that, in that case, o(g)~! also has
a simple dominant eigenvalue. As in the proof of Proposition .0, we consider the
random product S,(w) = g, ---g1, where @ = GV is endowed with the product
measure T = a®Y. For any d-dimensional representation ¢ of G satisfying

Vae€Zpr, &(a)=diag[ri(a),...,Tq(a),

where the 7; are F-characters of Zr, it is easy to show, using the description of
Lyapunov exponents given in [R] and the polar decomposition of S, (w), that the
exponents of the product of random matrices £(S,,) are the numbers 7;[L(a)] (1 <
i <d).

From the description of the weights of o, we see that the largest Lyapunov expo-
nent of ¢(S,,) is 7[L(a)], while the second one is 7[L(a)] — inf1<;<, &;[L()]. Since
L(a) € AT, we get that 7[L(«)] has multiplicity one. Then we can apply Propo-
sition 1.3 of [G3], hence there exists a subsequence {nj(w)} (of positive density)
such that o[S,, (w)] and [S;, ! (w)] have simple dominant eigenvalues. From above,
this implies that for each k, g[Sy, (w)] is proximal. Since Sy, (w) belongs to the
semigroup of G generated by supp «, assertion (7) is proved. (]

Remark. In [Px], for F = R, the notion of an R-regular element is used instead
of the equivalent notion of proximality. Furthermore, it is shown that the Zariski
density of G, implies the existence of proximal elements. This property allows us
to recover easily from Theorem the simplicity of the Lyapunov spectrum shown
in [GoMal under the condition of Zariski density of G,.

On the other hand, for general IF, we can define the notion of F-regular elements
as in [Pr]: ¢ € G is said to be F-regular if m(g), the number of eigenvalues of
Ad g which have modulus 1 is less than m(h) for any h € G. Then we can show
that proximality of g is equivalent to F-regularity of g or to o(g) having a simple
dominant eigenvalue.

Furthermore, from [Be], we see that if s, denotes a suitable conjugate of the
semisimple part of ¢" into Zr (for some n it belongs to Zr), then L(d,) = L(g) =
L5gn. Tt follows that proximality of g is equivalent to L(g) € AT. Also, we see that
if & = ¢4, then assertion (6) is the statement of Lemma 4.5 in [Ma] (p. 182).

5. TRIANGULAR SYSTEMS, INFINITESIMAL DIVISIBILITY AND EMBEDDING:
PRrOOFS OoF THEOREMS [T, [Z3]

Proof of Theorem E1. Step 1. As in the hypothesis, S is a Hausdorff abelian semi-
group with identity e and s € S\ {e}. Let {U,}nen be a neighbourhood basis
of e in S such that U,41 C U,, for every n, and let F(s) and fs; be as in the
hypothesis such that e,s € F(s) C Fy and conditions (1)—(3) are satisfied. Here
fs is continuous at e and fs(s) > 0. Since s is {U, }-tree-like divisible in F(s),
there exist U,-decompositions s = su1 - Snm, (Sni € Up), which are F(s)-closed
and the U, i-decomposition is finer than the U,-decomposition for each n. Let

Fy = {TLicpsni | B € {1,...oma}} = UATLZ) Snaq) | 1 < ma}, where o is
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any permutation of {1,...,m,}. Let FF = |J, F,,. Then it is easy to see that
s € F C F(s) and any a € F' is also {U, }-tree-like divisible in F.

For € > 0 such that € < 1/2, and a € F such that fs(a) > 0, let V.(a) = {b €
F(s) | fs(b) < efs(a)}, which is a neighbourhood of e in F(s). There exists n
such that U, N F(s) C Ve(a). If a = 8,4(1)Sna(2) = * Sna(m) 18 a Up-decomposition
of a in F' as above, then a = zy, where * = $,,(1)Sna(2) """ Snak) € F, y =
Sna(k+1) " Sna(m) € F and

1 fs(x) 1

- —€e< <3

2 fs(a) 2’

which is obvious if we choose k to be the maximal integer for which

fs(sna(l) o Sna(k)) < fs(a)/z

Step 2. Without loss of generality, we may assume fs(s) = 1 and let {¢;} be a
sequence of positive numbers H;’il(l —€) >1/2.

Now we construct a “tree” decomposition of s in F' C F(s); for indexing we will
use sequences § = (dy,...,dg) of 0 and 1, where k € N. For k = 0, we use trivial
decomposition s = ty. We take two elements z and y in F' according to Step 1
above with

1 €1 fs (1‘) 1
s =y, 5 2<fs(8)<2’

where t) = z, t(1) = y. Here £ = s,1 -+ Sy, Where n is chosen such that U, N
F(s) C V, j2(s), a neighbourhood of e in F(s) defined in Step 1, and & is chosen as
in Step 1 such that the above condition is satisfied. Also, fs(z) < fs(s)/2 = 1/2.
Let b(1) = n. Let I(d) denote the length of ¢, i.e. for 6 = (dy,...,dx), I(6) =
k. Suppose ts € F is defined for ¢ such that [(0) = k. Let r > b(k) be such
that U, N F(s) C (y5)=r, Ver/2(ts), which is defined in Step 1. Now we take U,-
decomposition of § = Sy1 -+ Spm, as in Step 1. We know that U,-decomposition of
s consists of U,-decompositions of all sy); and hence decomposition of t5, where
1(0) = k. Take t(q4, . q4,) = Ty, where x and y in F' are chosen as in Step 1 from
U,-decomposition of t(g, .. q4,) for € = ex and a = t(4, . a.); let Ly, 4,00 = T,
t(ds,....dp,1) =y and r = b(k + 1). Thus for all k, we can successively define ¢5 for §
of length k. Also, for all k, t5 € Fy if [(6) = k and

k
falts) > 27 F (1 —¢) > 2740
j=1

Step 3. For d = 0 or 1, let x4 be the product of all t5 for the sequence § of
length k whose kth term is d. Then for all k, xxq € Fy) for d = 0,1, and

TroTklr — S.

For k # m and f,g € {0,1} let ypmsy be the product of elements t5 over the
sequences 6 = (di,...,d,) of length n = max(k,m) with d, = f and d,, = g.
Clearly Yrmar = Ymira and
(5) YemdoYkmdl = Ymk0dYmkld = Tkd-

Als0, Yrmdr € Fy(ny and since it is a product of 272 t5’s of length n; we have

(6) fsWrmar) > 1/8.
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Since wxq € Fyyy C F(s), there exists a sequence {k;} such that
lim x3,9 =24 € F(s) (d=0,1).

Jj—00
Clearly s = xgxy.
For every j assign j’ > j and consider a sequence of points in (F(s))?,

2j = (Y ;1005 Yhosk /015 Yk, k5105 Yk, ks 11)

zj € F, lf( ko) Passing to a subsequence of {k;} and denoting it by the same notation,

we get that lim, . z; = z € (F(s))?*, where

z = (Y00, Yo1, Y10, Y11)-
From (5), it follows that

ZTo = YooYor = Yooyio and T1 = Y1oY11 = Yo1Y11.

Multiplying the above two equations, we get that

2
§ = ToZ1 = YooYp1¥Y11-

Equation (6) and the assumption that fs is continuous at e implies that yo; # e.
Also yo1 € F' C F(s). O

The basic finiteness property of factors is given by the following:

Lemma 5.1. Let G be a locally compact group. Let p € M (G) be such that Zﬂ/ZO
is compact. Let J, = {\ € M*(G) | supp X C I(n)}; it is a compact semigroup.
Then there exists a neighbourhood V' of J,, such that the following hold:

(1) For any neighbourhood W of J,, such that W C V, there exists n = n(W),
such that for any l > n, p cannot be written as p = p1 * - - - * uy, where p;’s
commute and p; € Z3V \ Z3W.

(2) Moreover, if p is the limit of c.i.t.s. A = (wij)idy j=1s (i — 00), then
for any neighbourhood U of J,, u has a ZgU-decomposz'tion; namely, for
any neighbourhood W of J,, such that WW C U, there exists n such
that p = A1 -+ A 1S @ ZSU-decomposition, where A\i,...,A\p_1 € ZSU\
Z)W and there exists a sequence {k(i)} C N such that, for each I, \; =
My oo *je A1, k(3) Mk (i)j ZR(5) Jor some sequence {2y (i)} C Z0, where A(l, k(i)
CHAL .. ki) {2k b and {A(l, k(@))} both depend on A\, and, for each i,
{1, oy} = U AL k() a disjoint union.

(3) In particular, if p is the limit of a c.i.t.s. with equal components, then for
any neighbourhood U of J,, there exist n, A and v such that i = \"v, where
ANV e Z2U and they commute.

The proof follows as in the proof of Proposition 2.9 of [Sh3|, by replacing Z
by Z° there: the proof uses Theorem 2.4 of the same paper which is based on
concentration functions on locally compact groups. We observe that the proof of
(2) uses the same construction as in [L] (see pp. 168-171), which was also based on
concentration functions in R™.

Proposition 5.2. Let p be the limit of a c.i.t.s. A = (uij)ity j=1 (Mi — 00), on
a locally compact group G. Suppose that ZS/ZO is compact. Then there exists a
compact subgroup H C I(p), a closed abelian semigroup S C M} (G) with identity
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h = wpy such that Z°h C S*, u € S and the following hold:

(1) The subgroup S* of units in S is equal to SN Z,h and S*/Z°h is compact.
(2) There exists a sequence {k(i)} C N such that any o € S is the limit of
a c.i.t.s. Ay arising from A and elements of Z9; A, = (uﬁc((zl)]j)zz), where

{z:} € Z° and {i(i,j)} < N U {0} both depend on o (\° = §. for all
Ae MY@G)).

(3) Let U be any neighbourhood of identity h in S and let o € F, (in S). Then
(a) a has a S*U-decomposition. (b) In case p;; = p;, i.e. p is the limit of
a c.i.t.s. with equal components, then there exists n such that o = \"v is
an S"U-decomposition for some \,v € S.

(4) Fr(u) is compact in w(S) and it is idempotent-free.

(5) S*“C Z%h for alla € S.

Proof. The assertions (1)—(4) follow easily as in the proof of Proposition 2.9 of
ISh3]. We give the ideas below and sketch part of the construction of S here for
the sake of understanding the underlying technique which we need to prove (5).

Let J,, be the compact semigroup defined as in Lemma Bl Since y is the limit
of a cit.s. and Z)/Z° is compact, by Lemma 5. given any neighbourhood U of
Ju, p has a Z)U-decomposition and hence 7(p) has a 7(Z)U)-decomposition.

Let {U,} be a neighbourhood basis of J,,, Upt1 C Uy, Uy C {\ € MY(G) |
A(V'I(w)) > 1/2}, where V' is a relatively compact neighbourhood of e such that
V'I(p) is contained in an almost connected subgroup of G. Then for every n,
we can choose a m(ZJU,)-decomposition of m(u) = sp1---5nj, successively, i.e.
7(Z)Uny1)-decomposition of 7(y) is finer than w(Z)U,)-decomposition of 7 (u),
and each s,; = lim; oo *jeA, T(fk(n,i);), Where A; = A(k(n,i),n,l) depend on
n, 4,1, also {1,...,mymn} = U A(k(n,i),n,1) (which is a disjoint union), and
{k(n+1,4)} is a subsequence of {k(n,i)}. Hence by a diagonalisation procedure we
can choose one sequence {k(7)} such that s,; = lim; oo *jeB, T(p(i);), where B; =
A(k(i),n, 1) C {1,...,myu } and my ;) is as above. Also, for each i, A(k(i),n,1)
depend on n and [, and for every i, {1,...,myu)} = U, A(k(i),n,1), a disjoint
union.

Now let X = J, {sn1s---+5nj,}, Sn defined as above. Let S(1). be the closed
semigroup generated by X in m(M!(G)) and let S(1) = 7=1(S(1)5). Clearly, S(1)
is generated by 77 1(X) as a closed semigroup. Since any element s € 7 1(X)
is a limit of {xjcc,pri)jzi}, Ci = A(k(i),s), S(1) is a commutative semigroup
and ZS(1) = S(1). Therefore, since any element of Z° is infinitesimally divisible
in it, any element s € S(1) is the limit of a c.i.t.s. (ug&)jj)zz), where {z;} C Z°,
{i(i,5)} € NU {0}, they depend on s and \° = 6, for all A € M (G).

Let J = J, N S(1) and Jy = Z)J, N S(1). Then J; (resp. J) is a non-empty
closed (resp. compact) abelian semigroup. From above, it follows that p has a
J1U-decomposition for any neighbourhood U of J in S(1). Now let h = wy be a
maximal idempotent in J (it exists because J is compact). Then H C I(u) is a
compact subgroup and Jh is a compact abelian group with identity h (see [H], p.
88). Now since w(J1) = n[Z).J, N S(1)] is a compact semigroup, it has a maximal
idempotent, and since it is contained in 7 (.J), it is same as w(h). Therefore, Jih is
also an abelian group with identity h. Let S = S(1)h and S; = S(1).7(h), which
are abelian semigroups with identity h and 7(h) respectively, Z°h C S*, S C S(1),
Sy C S(1)x and Sy = S/Z°% p € S. If hy € F, (in S) is an idempotent, then
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hip = p and hence hy € J, NS = Jh. Since h is the maximal idempotent in J,
hy = hih = h, therefore F, (in S) is idempotent-free and hence so is Fy(,). Also,
Z% c 8* = J1h C ZgJﬂh NS, so S*/Z°h is compact.

Let U C U;j be a neighbourhood of h in S. Then U,h NS C U for all large
n. Since w(p) =[], $p1 = [, Smum(h) is a decomposition in 7(J;Uyh) as above, we
have p = %8z, s, € SNULh, 7(s),;) = sm and z € Jh = S*. That is, p and
also any sy; have a S“U-decomposition in S. Now for any o € F},, o = lim,, oy,
where z,, € S*, «, are products of s/, which have S“U-decomposition, using the
facts that F, C Fj,, a,’s have S*U-decompositons and (1) of Lemma 5.1} one can
show that a has S“U-decomposition.

Statements (1)-(3) are proven above. From (2) we have that any 7(a) in Fr(,
has 7(S“U)-decomposition in S, where U C U; as above. Also, as S*/Z°h is
compact, from the choice of Uy, we get that Fir,) N7(U) is relatively compact.
Using these facts and the boundedness of number of factors of elements in Fr(,) as
in (1) of Lemma B.1], statement (4) can be proven as in the proof of Proposition 2.8
in [Sh3], (also see (2)-(3) of Lemma [B.1]).

Since S is commutative, for any o € S and u € S*, a = uau~! = gag™
u = 0gh, and hence S* C Z,h.

Now we show that S* C Z0h for all a € S. If possible, suppose there exists a € S
such that S* ¢ Z%h, i.e. there exists z € S*\ Z0h. Then x € Lh\ L°h, where
L=2,NZ,. Here L' =2%n ZS and H C L. There exists a compact subgroup
K C L which is LYH-invariant and L°K = KL is an open subgroup of L such
that © € L°Kh. Let U = {y € MYG) | y(KHW) > 1/2} and V = {y € M*(Q) |
Y(KHW') > 1/4} for some relatively compact K H-invariant neighbourhoods W
and W' of e in G such that WW c W/, W/NL C L°K. Here, UU C V, KHU = U,
KHV =V and VhN Lh C L°Kh. Moreover, by the choice of V, LOV = LoV (cf.

[Sh3], Lemma 2.1). Here, x is the limit of a c.i.t.s. (say), (/zk((ifj?zi), where {z;} C Z°

depends on z. For simplicity, we rename this c.i.t.s. as A, = ()‘ijzi)?éN,j:I which
converges to x. As U is a neighbourhood of J., without loss of generality we may
assume that each A\;; € U. Now for every 1, if possible, let ¢; > 1 be such that

5N € LU, A ==L Ay & LOUL

L where

Here, ¢; exists for all large i, because if *;’-7":1)\2-]- € LU for infinitely many 4, then
since Z° C L°, 2 € LOUh N Lh C L°Kh, which contradicts our assumption. Here,

X\ € L°UU \ LU for all large i.

Now we get that {[;\;} C UU\U for some {l;} C L for all large 3. Since UU C V,
by Lemma 2.1 of [Sh3], {/;\;} is relatively compact. Also, since L°/Z° is compact,
passing to a subsequence, we may assume that {z,\;} converges to (say) [ for some
{21} € Z°. Since Z° C LY, we get from above that

Vi, 2\ € L’UU\ L°U and hence 3 € LOUU \ L°U c L°V \ L°U.

From the choice of the system A, we know that 8 commutes with all the elements
of S(1) and hence of S. Also, 8 € F, (in M'(G)). Since x = zh = dywy for
some ¢’ € G, [ is supported on a coset of H and 31 = Bh = d4,h = hd,, for some
g1 € G. Also, for any v € S, 17 = 1y = 761 = 791, and hence v = glfygl_l, in
particular g; € Z, N Z, = L. Therefore, Bh = 6,0 h € LhN L°Vh C L°Kh, hence
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g1 € L°KH. Since 8 = g1’ where 3/(H) =1, 3/ € U and 3 € L°KHU = L°U,
we have a contradiction. Therefore, S* C Z2h, for all a € S. O

Proof of Theorem [Z3. Since the hypothesis of the Proposition is satisfied, we
get closed abelian semigroups S and S, = S/Z° satisfying conditions (1)-(4). By
(4) above, we know that S* C ZOh for all a € S, i.e.

S*CLy= () Zh
a€sS

Here, L, as above is a closed connected group isomorphic to a subgroup of N(H)/H,
where N(H) is the normaliser of H in G. By the definition of Ly, S™ is central in
L1. Therefore, since L; is connected and hence Lie projective, there exists a closed
connected abelian subgroup C' C L; such that S* € C C L; (see Theorem 1.2
in Ch. XVI in [Ho], which also holds for connected groups). Also, since Z,/Z° is
compact and Z°h C S* C L, C Zgh, we get that C'/Z°h is compact. Let S’ = CS
and S. = 7(5") = 7(C)mw(S). Now the set (S")¥, the group of units in S’, is clearly
the same as the group C' which is a connected abelian group, and it is compact
modulo Z°h.

Clearly for 7 as above, the statements (1) and (2) and (4) and (5) of Proposition
imply that the same statements hold for S” and 7(S’). Renaming S’ by S, the
assertions (1)—(3) of the theorem hold.

In the case p is the limit of a c.i.t.s. with equal components, then for a neigh-
bourhood basis {U,,} of h in S we have u = A»v,, as a S“U,,-decomposition of x in
S. Then there exist u,, € S* and v/, € U, such that v,, = u,v/,. Then u = \rru, v/’ .
Since S is connected, u, is divisible and hence there exists b, € S%, bfr = u,,.
Replacing A, by A,b,, we get that u = \ny/ . Hence, p = lim,, o, AF» as v/, — h.
Clearly, A\, € S*U,, and hence w(\,,) — 7(h).

In the case of a normal system, it is clear that each element in .S is normal since
it comes as a limit of a subsystem with a suitable shift which is also normal. O

Lemma 5.3. Let G be a locally compact group and let u € MY (G). Suppose u is
infinitely divisible and suppose for every n there exists an n-root p, such that the
set A= {pu™ |1 < m < n,n € N} has relatively compact image on G/Z°, i.e.
7(A) = A/Z° is relatively compact. Then A is relatively compact. Moreover, there
exist a semigroup ¥ = {pu >0 C A, to = wy, and a compact subgroup C C Z,
such that p is quasi-embeddable in ¥ relative to C and Cwy C A. Moreover, if
C/H is arcwise connected, then  itself is embeddable.

Proof. Since A/Z° is relatively compact and since Z° is a connected central sub-
group, A is relatively compact (see Lemma 3.2 in [Sh1] or the proof of Proposition 8
in [M]). Therefore, p is rationally embeddable in {t)(r)},cq C A as 1(1) = p such
that ¢(]0, 1[N Q) is relatively compact. Then K = (,.,%(]0,7[N Q) is a compact

connected abelian group with identity wy and there exists ¥ = {p }+>0 C ¥(Q) C
A, g = wy, and k € K such that k = zwy and ku = xp = p, ie. op = px
is embeddable (see Theorems 3.1.32, 3.5.1 in [H]). Let C = {g € G | gwy € K}.
Then C is a compact subgroup of Z, and C/H is connected and abelian, also
C C NZ,,. Now, since p € CX, p is quasi-embeddable in > with respect to C'.
Also, Cwy = K C A. Here, C° is compact and connected and C = C°H. If
C/H is also arcwise connected, then so is K. This implies that k=% = 2 lwy is
embeddable, and hence p is embeddable. (]
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Proof of Theorem [[3. By Theorem [2.3] there exists a closed abelian semigroup
S Cc M} (G) with identity h = wp, such that F,/Z° is compact, the group S*
of invertible elements in S is connected and abelian and p = lim,_ . A", where

n 9

m(An) — 7w(h). Let B = {A\" |1 < m < k,,n € N}. Then B is relatively

compact as B/Z° is so (cf. [Shi], Lemma 3.2). For every m, u = lim,,_, Aqln/mly,
for some v, € {\,,...,A™ 1}, Hence 7(v,) — w(h). Therefore, passing to a

subsequence if necessary, we get that u = p"u,,, where p,,u,, are respectively
limits of {)\[TiC n/ m]} and {v,}, and u,, € S*. Now since S is divisible, there exists
by, € S* such that b) = w,,. Replacing ft,, by fybm, we get that = p for all m,
i.e. p is infinitely divisible in F}, in S. Since FAL/ZO is compact, so is A/Z°, where
A={pum | u=p,1 <m<n,n € N}. Now by Lemma[B.3] A is relatively compact
and there exists a continuous one-parameter semigroup ¥ = {u; }i>0 C 4, o = wp,
and a compact subgroup C C Z,, which commutes with ¥ and normalises H, such
that p is quasi-embeddable in ¥ with respect to C' and Cwy C A. Moreover, if
every compact connected subgroup of Zg is arcwise connected, sois C/H = C'H/H
and hence p itself is embeddable. O

6. CONSTRUCTION OF SEMI-GROUPS
AND S-NORMS USING HARMONIC ANALYSIS

In this section, for a ‘full’ measure p which is the limit of a c.i.t.s. on an amenable
subgroup of an algebraic group, we construct an abelian semigroup containing p
with properties required in Corollary 2.2 In this case, it is easy to find required
abelian semigroups (see Theorem [Z3]) but s-norms will in general exist only on
subsets of such semigroups, hence a detailed analysis using finite-dimensional rep-
resentations is needed. The main point is constructing F(s) and s-norm on F(s)
satisfying the conditions of Theorem 21l We start by proving a basic proposition.

Proposition 6.1. Let G be a locally compact group. Let S be a closed abelian
semigroup with identity wy in M} (G). Suppose there exists a continuous homo-
morphism ¢ : G — S, the circle group, such that ¢(S*) = {6.}, where e = 1 is the
identity of S*. Suppose A € S is such that any v € F is infinitesimally divisible
in S, Fx is compact, associate-free and idempotent-free and ¢p(\) = 6y, for some
xo # e. Then there exists oo € Fy \ S* and a compact subset F (@) C Fg (in S¢)
such that @ and F(a) satisfy conditions (1)—(3) of Theorem 211

Proof. Since ¢(S*) = {6.}, we have ¢(8) = ¢(8z) for all B € S and x € S* and
hence we can define ¢ : S¢ — M (S') as #(3) = #(3). Here, ¢ is a continuous
homomorphism. We may also identify 2 and d,, for any 2 € S!. Since ¢(\) = z¢ # e,
each element of ¢(Fy) is a point in S'. Let V = {e% | —7/4 < y < 7/4}. Then
V is a symmetric neighbourhood of e in S'. Let V¥ = {e¥ | 0 < y < 7/4} and
V= = (V*)~L Let {U,} be a neighbourhood basis of wy in S such that, for all n,
U2, , C U, and ¢(U,) C V. Then for any n,

A= (7T I O‘nm(n)ﬁnl to ﬁnk(n)’Ynl ©Tnl(n)s
where for each j,
Plang) € VI \{e}, 6(Bnj) € V7 \{e} and ¢(7n;) = e.
Let

k l
Qp = *;'n:(?)anja ﬁn = *j(znl)ﬁn] and Tn = *j(;q')/nj-
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Then since F is compact, passing to a subsequence if necessary, we may assume
that

W=, By =0, 7, =
and
A=dpy, o, p,9 €8
Since ¢(N) = x¢ # e and ¢(7') = e, either ¢p(a’) or ¢(F’) is non-trivial. Hence with

possible interchange of ¢(a’) and ¢(3')~! we can suppose ¢(a’) = a’ # e. We now
choose a sequence {m'(n)}, where m’(n) < m(n) for all n, as follows: Let

U={g=¢e"|—min{r/9,—i(loga’)/2} <y < min{r/9, —i(loga’)/2}}.
o(U,) C Ugall large n and ¢(*§:1anj) € U for all i < m/(n) but gf)(*;”:/(l”)anj) g
U. Here, UU C V. Now again passing to a subsequence if necessary, we get

that *;.”zgn)am— converges to @, for some o € F); i.e. @ is the limit of a c.i.t.s.

Ay = (anj)xe,(kqu':l in S¢, and hence ¢(a) =a € VT \U.

Since Fz C Fy is compact in Sg, as in the proof of Lemma 2.6 of [Sh3| or
using Lemma BTl above, we can show that @ has a U] -decomposition obtained as
a limit of the subsystem Az in S, where U}, is the image of U,, in S¢. As in the
proof of Proposition above, we get a U/ -decomposition of @, which is obtained
successively from the system Az in S, i.e.

/ /

Q=Sp"" Snr(n)’

where s,1,...,5] r(n) 1€ also limits of the partial products of a same subsystem of

Ay and for every n, the U], -decomposition is finer than the U] -decomposition.
Let us fix any n € N. Let

Fy = {*jEDS;’Lj | Dc {L . ,T‘(Tl)}}

Now, it is easy to see that for each n, F,, C F,;1 and ¢(¥) € V*, for all 7 € F,.
Hence defining F(@) = {J,, Fy,, we have ¢[F(@)] C V*, @ € F(@) C Fy C Fy,
W € F(@). Since ), Fy satisfy condition (1) of Theorem 2], the same is true for
a, Fa.

Furthermore, from the above construction, @ is U),-tree-like divisible in F(@).
Also @[F(@)] € V+, hence we can define a continuous partial homomorphism f
on F(@) to [0,7/4] C [0,1] as fx(7) = —ilog[p(P)] = —ilog[p(v)] for every v such
that 7 € F(@). Here fg(a) = —iloga >0 as a € V1 \ {e}. Hence condition (3) of
Theorem 2] is satisfied. O

Remarks. 1. Later on, we will encounter homomorphisms from G to a locally
compact abelian group G’, but composing them with a non-trivial character from
G’ to S, we can apply the above proposition.

2. The above proposition is also valid if we have a continuous homomorphism
from the semigroup S as above to S! or even a partial homomorphism from Fy (in
S) to S, along with the rest of the hypothesis.

The following can be derived easily using the above result and Proposition 2.8
of [Sh3| or Theorem It shows in particular the essential role of the spectral
properties in the problem.
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Proposition 6.2. Let p be the limit of a c.i.t.s. on a discrete group G. Then
w=Axv =uvxX\ where \ is embeddable in a continuous one-parameter semigroup
{Athi>0, Ao =wm, and v € S1, where Sy is a closed abelian semigroup with identity
wy with the following properties:

(1) F, (in S1) is compact, associate-free and idempotent-free.

) Every v € S1 commutes with A, for each t.

) Every~ € F, (in S1) is infinitesimally divisible.

) For every v € Si, the spectrum of the convolution operator p(y) on L*(G)
is contained in {0,1} and p(y) is invertible in the commutative algebra
generated by p(S1) with identity p(wr).

Remark. The above in particular implies that the limit u of a c.i.t.s. on a discrete
group G is embeddable if any wg-infinitesimally divisible element v € F),, with the
spectrum of p(v) contained in {0,1}, is an idempotent. This, in particular, holds
and is easy to see if G, C G is contained in a group which is a compact extension
of a closed solvable normal subgroup. This property also holds for any countable
linear group G over a local field F. (We do not know any counterexample to the
above property.) In particular, using Lemma 8 and [DeGl, we obtain an extended
form of Theorem 3.9(3) of [Sh3| below.

Corollary 6.3. Suppose I is a countable subgroup of an algebraic group G defined
over a local field F, and p € M (T) is the limit of a c.i.t.s. on I'. Then p is
embeddable.

Proposition 6.4. Let G be a locally compact group. Let S be a closed abelian
semigroup with identity h = wy in My (G) such that Z°h C S* and S*/Z°h is
compact. Let p € S\ S* be such that supp p is contained in a closed subgroup L,
which is a compact extension of a closed solvable normal subgroup of itself. Let
A € F,\ 8% be such that any v € F\ is infinitesimally divisible in S and Fx is
compact, associate-free and idempotent-free. Then there exists a € Fy \ S* and a
compact subset F(@) C Fg in Sg such that @ and F(@) satisfy conditions (1)—(3)
of Theorem 21.

Proof. Step 1: Since S* C F), any element in S* is infinitesimally divisible and
hence S" is connected. Let C' = J, cg. suppv; C is a closed subgroup and C/H is
isomorphic to S*. Let G(\) be the closed subgroup generated by all supp v, v € Fj.
Then C C G(A). Let Ny be the smallest closed normal subgroup in G such that
supp A C Ny, for any x € supp A.

Let v € F). It is easy to show that suppr C yN) = N,y for any y € suppv.
That is, Ny is normal in G()). Since S is abelian, so is G(\)/Ny and hence, G/C Ny
is also abelian. Let ¢ : G(A) — G(\)/CNy be the natural map. Then ¢(v) = &4,
for any y € suppv. Since v is infinitesimally divisible, so is ¢(y), and hence ¢(y)
belongs to the connected component of the identity in G(\)/CN,. Hence, since
G(N\)/CNy, is generated by {¢(y) | y € suppv,v € F\}, G(A)/CN), is connected.
Now suppose G()\) # CN,. That is, there exists a 3 € F) such that ¢(3) = 4.,
z # e. Also, ¢(S*) = {d.}. Now if we take Sy to be the closed semigroup generated
by Fy in S, then Sy C M'(G(X)) and S} = S*, hence by Proposition B1] and
Remark 1 following it, we can construct a € F and F(@) C F as desired.

Step 2: Now suppose G(\) = CN,. Since C/Z° is relatively compact, we have
C = K xV, where V C Z° is a vector group, K is a compact group and H as above
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is contained in K N Ny. Therefore, G(\) = KVNy = KN’, where N’ = VN, is a
closed normal subgroup of G(\).

Since A € Fy,, suppv C G, = Gz, for all v € F, hence Ny C G,,. Therefore,
Ny C L, which is a compact extension of a closed solvable normal subgroup R,
(say). Since V is central, this implies that VR, is solvable and VL,/VR, is
compact. Now, without loss of generality we may assume that S is generated by
Fy.

For any v € F\, v = kv/, suppr’ C N'. Clearly, v/ € F\. Also, since H C N’,
for v as above, v = vy x -+~ *x v, in S, then v/ = 1] % --- % ), where for each 1,
v; = kivl, k; € K and v} is supported on N’. This implies that for each v € Fy, v/ is
infinitesimally divisible in SNM},(N’). Let A = k'N, k' € K and X' € FxnM}(N')
and let S’ = {vV € SN ML(N') | v € S,v = Kt/ for some k' € K}. Then
N €5 C S and each element in Fy/ (in S) is infinitesimally divisible in S’. Since
Ny = Ny, without loss of generality we may assume that A = X and S = S’ and
hence G(A) = N’ = VN,. Since S C M} (G()\)) and G(\) = VN, C VL, without
loss of generality we may assume that G = VL, which is a compact extension of
the closed solvable normal subgroup m

Step 3: Let m; : G — G/G° be the natural projection and suppose that m(\)
is not a translate of an idempotent. Then since it is infinitesimally divisible in
81 = m1(S), there exists a 71 (A)-norm on Fy y) (in Si) (cf. [Sh3], Theorem 3.6),
hence we can define a A-norm fy on Fy. Since fy(S*) = {0}, fx = fao& tis
well defined and is a A-norm on F(X) = Fy in Se, and the assertion holds for
a = A. Now let m1(\) be a translate of an idempotent. Then 71 (\) = 71 (wgy) as
A is infinitesimally divisible in S (cf. [Sh3], Lemma 3.2). Therefore, since V C G°,
we have G(\) = VN, C HG. Also, since HGY is an amenable almost connected
group, HGY/R is compact, where R is the maximal connected solvable normal
subgroup of G. Therefore, we may assume that G = HGY.

Step 4: Let m2 : G — G/R be the natural projection. Suppose m3(A) is not a
translate of an idempotent. Then since G/R is compact, by Lemma 3.3 of [Sh3]
there exists a mo(\)-norm on F,(y) in Sy = m2(S), and the assertion follows as
in Step 3. Now let m2(\) be a translate of and idempotent. Then by Lemma 3.1
of [Sh3], m2(A) = du * Wry(H) = Way(H) * Oz, for some x, and hence Ny C HR.
Now since G(A) = N’ = VN, and V C R, we get that G(A\) C HR. Therefore,

T2(A) = Wry(m) = m2(v) for any v € F). Hence we may assume that G = HR.

Step 5: We now prove that there exists a A-norm on F) in S. Then a = A
and F(@) = Fy will satisfy conditions of Theorem 211 We prove this by induction
on the length n of R, where G = HR, i.e. the smallest n, such that R, = {e},
where R; = [R, R| and Ry4+1 = [Rk, Ri], kK > 1. Suppose n = 1, i.e. R is abelian.
Then, as A is not a translate of an idempotent, the result follows exactly as in
Step 4 of the proof of Theorem 3.4 of [Sh3], i.e. there exists a A-norm on F)
in S. Now suppose the statement holds for a group G = HR with length of
R less than n. Now assume that the length of R is n. Let L = VR; and let
w3 : G — G(1) = G/L be the natural projection, where R’ = R/L is abelian. If
m3(\) is not a translate of an idempotent, then as above, there exists a m3(\)-norm
Jon Fr s in S3 = 7m3(S), and we can define a A-norm on F) as fy = f om3. Now
suppose m3(A) is a translate of an idempotent. Here, H(1) = w3(H) N R’ is normal
and G(1)/H (1) is a semidirect product of H” = w3(H)/H(1) and R" = R'/H(1).
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As in Step 4 of the proof of Theorem 3.4 in [Sh3], 73()\) = Wr, (m) * 02 = Oz * Wry ()
where © € R'. Therefore, Ny C HL and since V C L, G(A\) = VN, C HL.
This implies that m3(\) = wy,m) = m3(v) for any v € Fx. Hence, without loss of
generality we may assume that G = HL. Since V is central, L = VR, has length
less than n; hence by the induction hypothesis there exists a A-norm F in S. This
completes the proof. Il

7. ProoFs oF THEOREMS [[1], 2], 4]

Proof of Theorem [l Since ZS /ZY is compact, by Theorem there exists a
closed abelian semigroup S with identity h = wy in M} (G) such that p € S,
any « € F), is infinitesimally divisible in S, Fy(,) is compact in 7(S) = S/Z0, it is
idempotent-free and the set S* of invertible elements in S is a connected abelian
subgroup such that S“/Z° is compact. Then S¢ = S/S" is an abelian semigroup
with identity h = £(h), and any « € F), is infinitesimally divisible and F}; is com-
pact, idempotent-free and associate-free in S¢. Also, S consists of normal measures
if A is normal.

Now suppose p satisfies condition (1) of the hypothesis. By Proposition [.4], for
every A € F, \ S* there exists o € F), \ S* and a subset F (@) C Fg, such that @
and F (@) satisfy conditions (1)—(3) of Theorem 211

Now suppose condition (2) of the hypothesis is satisfied. Let A € F, \ S*. We
first show that A is not a translate of an idempotent. Suppose the contrary. Then
since it is normal, A x A = X\ % \ is an idempotent, say wpg, for some compact
group H'. Then for any v € F), vi = v is supported on H'. Also, for any two
element o, in S, aa, B commute. Therefore, A\ is infinitesimally divisible in
M}, (H') and hence A\ = wg (cf. [Sh3], Lemma 3.1). That is, A = §, xwy € S*, a
contradiction.

Now by Theorem B8, there exists a A-norm fy on F). Since S" is a group,
fr(S%) = {0}. Hence we can define a A-norm on Fx as fx(7) = f\(v) for all
v € Fy. Now conditions of Theorem 2] are satisfied by A and Fi.

So in either case, by Corollary 2:2]there exists a continuous one-parameter semi-
group {¢(t)}e>0 C Se such that ¢(1) = 7w = &(p). In particular, for every n there
exist v, € S and a, € S™ such that v a,, = p. Since S“ is a connected abelian
group, it is divisible and hence u) = p, for all n, where p, = vpb, and b = a,.
That is, p is infinitely divisible in F, (in S) and F,/Z° is compact. Now by
Lemma B3, A= {u € S| ul = pu,1 <m < n,n € N} is relatively compact and
there exists a continuous one-parameter semigroup % = {Mt}tzo C Z, Ho = WH,
and a compact subgroup C' C Z, which commutes with X, such that y is quasi-
embeddable in ¥ with respect to C. Moreover, p itself is embeddable if C/H is
arcwise connected. (]

Proof of Theorem [[4. In the case G is a Lie group, then every compact connected
subgroup of G is arcwise connected, and in the case G is totally disconnected, ZS
is trivial and hence so is every subgroup of it. Also condition (1) of Theorem [[Tis
satisfied and ZS /ZY is compact; it implies that p is embeddable.

In the case G is F-algebraic, then G is either a Lie group or a totally disconnected
group. Moreover if G is real algebraic, Z°(G),) = G implies that Z})/Z" is compact.
In the general case, if G, is amenable, Lemma[4.8 implies that G, is contained in
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a compact extension of a closed solvable normal subgroup and hence the assertion
follows from above. [l

Proof of Theorem [LH. If 11 is the limit of a normal c.i.t.s., then condition (2) of
Theorem [I.1]is satisfied and the assertion follows as in the proof of Theorem[I.4] I

Proof of Theorem [L2. Let p be the limit of any symmetric c.i.t.s. By Proposition
2.8 of [Sh3|, there exists a closed subsemigroup S of M} (G,) with identity wp
such that F), is compact, associate-free and idempotent-free; and as above, we can
suppose that each v € F), is infinitesimally divisible in S.

Now let A € F, \ {wg}. If X is a translate of an idempotent, then it is an
idempotent, as it is symmetric, which contradicts the fact that F), is idempotent-
free. Now by Theorem B8, there exists a A-norm on F (in S), which in turn implies
the embeddability of u by Corollary O

Remark. In the proof of Theorem [[2lin the case of Lie projective groups, the partial
homomorphisms can be obtained from Theorems [[.8] above and Corollary 3.5
of [Sh3| instead of from Theorem

8. PROOFS OF THEOREMS
Here, we prove a result which contains Theorems [1.6HI.7|

Theorem 8.1. Let G be a F-algebraic group and let p be the limit of c.i.t.s. such
that Z¢(G,) = G and p satisfies any one of the following two conditions:

n

(1) For some n € N and some compact subgroup H of I(u), u™ can be written

as
W= cwn + pn,H,
where ¢ € [0,1] and pun g is a positive measure with density and, if F has
positive characteristic, then the radical of G is F-defined.
(2) p has finite 1-moment.

Then p is embeddable.
The proof will follow from the following result.

Proposition 8.2. Let G be a F-algebraic group. Let p € M(G) be such that
Z°(Gu) = G and p satisfies condition (1) or (2) of the above theorem for some
c € 10,1, some n € N and some H C I(u). Let S be a closed abelian subsemigroup
of M};/(G) with identity wy: such that u € S, every X € F, is infinitesimally
divisible in S and the group S of invertible elements in S is connected. Suppose
Fg is compact, idempotent-free and associate-free. Then for every A € F, \ S*,
there exist « € F \ S" and a compact subset F(a) C Fgz in S¢ such that & and
F(@) satisfy conditions of Theorem 211

Proof. Without loss of generality we may assume that F), generates S as a closed
abelian subsemigroup of M}, (G). Let R be the radical of G and let 7; : G — G/R
be the natural projection. We suppose first that the radical R of G is F-defined
and we denote by G! the subgroup of F-rational points in G/R. We know that
71(G) is open and closed in G (see [Ma], p. 50).

For any v € M'(G), let v/ =11 (v). Let A € F,,\ S* and suppose 7’ = r(\) < 1.
Then r(p') < 1, since X € F,; and hence G, is non-amenable (cf. [DeGl). Since
G, C m(G) and m(G) is open and closed in G, G' is non-amenable, hence
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non-compact. Moreover from Theorem B.6], it follows that r(A’) > 0 and hence
0<r <1.

Now for some n € N, suppose i, g is a positive measure with density (see
condition (1)), so is u;, j on G*'. Since G/R is a semisimple algebraic group, G*
is non-compact and “,n, 5 has density on G, we can apply Theorem Bl and get a
continuous homomorphism f of §" = m1(S) into [0, 1] such that

0< fu) =r(u) <1, 0<f(N)<1,
Then we get a A-norm on F by the following formula:

Hv)=—log f(V'), veEF,.

The condition f(u') > 0 and the multiplicativity of f implies f(v') > 0 for any
v € F,. Hence fy is well defined and continuous on F\. Furthermore, since
fFN) <7’ <1, we have fy(A) > 0.

Now let 4 satisfy the moment condition (2). Since 7y is continuous as a map from
G to G, the moment condition for y carries over to p/ € M*(G'). We also have
Z°(G) = G/R. Hence we can apply Lemma Since Gy is non-amenable,
there exists s € A*, such that s[L(\)] > 0. Then we get a A-norm through the
formula

H(v)=s[L()], veF,.

Clearly, fx is a continuous function on F, and fx(A) = s[L(X")] > 0 (cf. Theorem

In both of the above cases, since f,(S") = {0}, we can define a A-norm on Fy as
fx = fro&™ 1, which is well defined, and the conditions of Theorem 1] are satisfied
for a = X\ and F(a) = F.

Now suppose 7(\') is 1. Then G/ is amenable, so is 77 * (G, as well as its closed
subgroup G . Now, since we want to have F to satisfy conditions of Theorem 2]
without loss of generality we may take S(1) to be the closed semigroup generated
by F and show that it satisfies the conditions of Theorem ZTl Let G()) be the
closed subgroup of G generated by {suppv | v € F)\}. Since the elements of A are
supported on cosets of G in N(G)), the normaliser of G in G, and since S is
abelian, we have that G()\)/G, is abelian and hence G(\) is amenable. Hence from
Lemma B8, G(\) is contained in a compact extension of a closed solvable normal
subgroup. Here, S(1) ¢ MY (G())), S* C S(1), and S(1)¢ = £[S(1)]. Now by
Proposition 4], there exist a € Fy and a compact subset F(a) C Fg such that &
and F'(@) satisfy conditions of Theorem 211.

In the case R is not F-defined and u € M1™(G), we consider a finite algebraic
extension [’ of IF such that R is F'-defined and we replace G by G’, the subgroup of
F’-rational points of G. The Zariski closure condition of G, is also satisfied inside
G', and moreover since G is closed in G’, we have also p € MY™(G’). Hence we
are reduced to the above situation and the assertion follows. (]

Proof of Theorem Bl Let G be a F-algebraic group. Let u € M'(G) be the limit
of a cit.s. such that Z°(G,) = G. Suppose G is real algebraic. Now since the
centraliser of G,,, Z(G,) = Z, by Theorem 3.2 of [DM], F},/Z, and hence F),/Z" is
compact as Z has only finitely many connected components. In particular, ZS /Z° C
F,/Z° is also compact. If F is ultrametric, then G is totally disconnected and
Zj) = {e} = Z°. Now by Theorem [Z3} there exists a closed abelian semigroup S C
M}, (G) with identity wy such that p € S, every element in F), is infinitesimally
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divisible and Fj(,,) is compact and idempotent-free, and the group S* of invertible
elements in S is connected. This implies that S¢ = S/S" is an abelian semigroup
with identity (wn-), Fe(,) is compact, idempotent-free and associate-free and every
element in F¢(,) is infinitesimally divisible.

Now, since p satisfies condition (1) or (2) of the hypothesis, by Proposition 2]
the conditions of Theorem [2.1] are satisfied. Therefore, we get as in the last step of
the proof of Theorem [[.1] that y is embeddable. O

Remark. Tt is obvious from the proof of Theorem [Tl that, on a Lie group G with
finitely many connected components, a measure p is embeddable if p is the limit of
acits., Z)/Z° is compact and p satisfies condition (1) of the theorem.

9. COMPLEMENTS

The condition that ZS /ZY is compact is a fullness condition on y which is used in
particular in Theorem 23 in order to get infinitesimal divisibility of u. A seemingly
more natural condition is the compactness of Z}/[Z(G),)]°, since it is satisfied by
Dirac measures as well as any measure p on an algebraic group (cf. Theorem 3.2,
[DM]) (where Z(G,) is the centraliser of G, in G). We discuss below the relations
of these two conditions with embeddability, infinitesimal divisibility and being the
limit of a c.i.t.s., starting from the case of Dirac measures. The first example shows
that the compactness of Z}/Z° is necessary but the compactness of Z0/[Z(G,)]°
is not sufficient.

Let G be a connected Lie group, with Lie algebra G, such that the image of
the exponential map is not closed. Let u, = ¢4, = expX, be a sequence of
Dirac measures with X,, € G and p = 64 = lim,, p,, with g € expG. Since we have
gn = (exp %)", it is clear that u,, defines a c.i.t.s. converging to . However, u = d,
cannot be embedded in a one-parameter (semi)group, contrary to the conclusion of
Theorems [[.4] and [[3] We observe from Theorem [[5] that Zg /Z° cannot be
compact in such a situation.

A corresponding simple example is the following:

Example 1. Let G = SL(2,R). Its Lie algebra G is given by G = {X € M(2,R) |
Tr X = 0}. It can be easily verified that

G\expG={g€G|g+#—Id, Trg<-2}.
Hence the boundary of exp G is
expG\expG={g€G|g#—1Id Trg=—2}.

It is non-trivial and consists of the matrices g # — Id, with the unique eigenvalue
—1. O

Theorem 9.1. Let G be any locally compact group and u = 0, for some x € G.

Then the following are equivalent:

(a) pu =0, is infinitesimally divisible in M*(Q).
(b) x belongs to a connected abelian subgroup.

Moreover, if G is a Lie group then (b) can be replaced by

(b") x belongs to a one-parameter subgroup.
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Proof. (b) implies (a) since, if we denote by G, the closure of the connected abelian
subgroup containing x, then G, = UZO=1 V™ for any arbitrarily small neighbourhood
V of e in G,. Conversely, if 4 = J, is infinitesimally divisible, it is infinitesimally
divisible in the centraliser of p, Z(G,) = Z(x), the centraliser of x. Also, applying
Lemma 3.4 of [Sh4] to the projection of u = 6, on Z(x)/Z°(x), where Z°(x) is the
connected component of Z(z), we get that z € Z%(z). That is, x is in the center
of Z%(x). Since the connected group Z°(z) is Lie projective, it is enough to show
that any element in the center of a connected Lie group is contained in an abelian
analytic subgroup, which is connected and this follows from Theorem 1.2 in Ch.
XVTI of [Ho]. O

In view of Theorem one can ask if the compactness of Z)/[Z(G,)]° and
infinitesimal divisibility of u are sufficient to ensure the embeddability of x. This is
indeed the case if G is connected nilpotent, a fact which improves Theorem 4.1 in
ISh4]] (see the proof). Also, in this direction we have the following theorem which
can easily be deduced from the proof of Theorem 4.1 in [Sh4] using Theorem B8

Theorem 9.2. Let G be a locally compact group and let u € M (G) be such
that Z3/[Z(G,.)]° is compact. Suppose p is infinitesimally divisible into normal
measures, i.e. for every neighbourhood U of d., there exist normal measures \; €
U,i =1,...,n, such that \;’s commute and p = Ay * --- x \,. Then p is weakly
infinitely divisible, i.e. for every n € N, there exist a normal measure ji,, € M*(Q)
and z, € G such that p = plz, and Tpp = UTy.

In order to show that the condition of finiteness of 1-moment can be satis-
fied for one-parameter semigroups, we consider the following simple family of one-
parameter semigroups on a group G:

Example 2. Let S, = {u}t>0, where r € [0,1], and let v € M (G) be defined
as follows:

(1) pe = (1=7)"be —rv] 7",

i.e.

(2) pe = (1 —7) |5 + Z e+ 1)(Itcl+ k—1) PRk

k=1

Then from (1), S,, = {ut}t>0 is a one-parameter semigroup of M'(G). Since
v*(8y) < kv(dv), we see that p = u; has a finite 1-moment if and only if v has. O

Now we give an example showing that condition (1) of Theorem Bl can be
satisfied for a group G with finitely many connected components.

Example 3. Suppose H is a compact subgroup of G, f € L! (@) is H-bi-invariant
and [ f(g)dg =1. Let v = f(g) d g and consider the one-parameter semigroup in
MY(G): py = expt(v —wg). We have

1 vk
,ule[WH+Zk!]~

Here, p; = p satisfies condition (1) of Theorem RIlfor n =1 and ¢ = 1/e. O
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